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ABSTRACT
T h is  p a p e r  i s  d e v o te d  p r i m a r i l y  t o  a  s tu d y  o f  th e  
a l g e b r a s  o f  c e n t r a l i z e r s  o f  c e r t a i n  Banach a l g e b r a s .  The 
a l g e b r a  o f  c e n t r a l i z e r s  o f  a Banach a l g e b r a  X, d e n o te d  by 
£ ( X ) , i s  t h e  s e t  o f  a l l  m appings T from  X i n t o  X w hich 
s a t i s f y  t h e  i d e n t i t y  x (T y) = (T x )y .  By R(X) [L (X )] we 
w i l l  d e n o te  th e  a l g e b r a  o f  r i g h t  [ l e f t ]  c e n t r a l i z e r s  
w h ich  i s  b y  d e f i n i t i o n ,  t h e  s e t  o f  bounded  l i n e a r  
o p e r a t o r s  T f ro m X  i n t o  X w h ic h  s a t i s f y  T (xy) = (T x )y  
[T (x y )  -  x ( T y ) ] .  I f  X i s  co m m u ta tiv e ,  a  f u n c t i o n  F 
w i l l  be  c a l l e d  a m u l t i p l i e r  p r o v id e d  f2 c  £  w here i s  
t h e  G e l f a n d  t r a n s f o r m .  We w i l l  u se  M(X) to  d e n o te  th e  
s e t  o f  a l l  m u l t i p l i e r s .
I n  C h a p te r  I ,  we show t h a t  jS (X ) i s  a  com m uta tive  
B anach  s u b a l g e b r a  o f  t h e  bounded  l i n e a r  o p e r a t o r s  on X 
and  i s  t h e  i n t e r s e c t i o n  o f  R(X) and  L (X ) . F o r  X 
c o m m u ta t iv e ,  we g iv e  a  p r o o f  o f  th e  known f a c t  t h a t  ) £ ( X )  
a nd  M(X) a r e  i s o m o r p h ic .
I n  t h e  f i r s t  p a r t  o f  C h a p te r  I I ,  i t  i s  shown t h a t  
R(H) and  L(H ) a r e  W * -a lg e b ra s  f o r  H an  H * - a lg e b r a .  We 
p ro v e  t h a t  t h e  com m utant o f  R(H) [L (H )] i s  L(H) [R (H )] .
I n  o r d e r  t o  do t h i s ,  we show t h a t  an  H * -a lg e b r a  h a s  b o th  
l e f t  and  r i g h t  a p p ro x im a te  i d e n t i t i e s .
The s e c o n d  p a r t  o f  C h a p te r  I I  i s  c o n c e rn e d  w i th  
co m m u ta tiv e  H * - a lg e b r a s  ( i n  w hich  c a s e  R(H) = L(H) =
j ^ ( H ) )  . We show t h a t  i s  i s o m e t r i c  *- a l g e b r a
i s o m o rp h ic  t o  th e  s e t  o f  a l l  bounded  ( c o n t in u o u s )
f u n c t i o n s  on a  c e r t a i n  d i s c r e t e  s p a c e .  C h a r a c t e r i z a t i o n s
a r e  g iv e n  f o r  com pact c e n t r a l i z e r s  and p r o j e c t i o n
c e n t r a l i z e r s .  We p ro v e  t h a t  two H * - a lg e b r a s  a r e
t o p o l o g i c a l l y  and a l g e b r a i c a l l y  e q u i v a l e n t  i f  and  o n ly
i f  th e y  have  th e  same d im e n s io n .  As a  c o r o l l a r y ,  we
have t h a t  i f  G and H a r e  com pact a b e l i a n  t o p o l o g i c a l
g ro u p s ,  t h e n  L (G) i s  i s o m e t r i c  *- a l g e b r a  is o m o rp h ic  t o  
o
L (H) i f  and  o n ly  i f  t h e i r  r e s p e c t i v e  d u a l  g ro u p s  a r e  
i n  o n e - to - o n e  c o r r e s p o n d e n c e .  C h a p te r  I I  i s  c o n c lu d e d  
by  g i v i n g  a c h a r a c t e r i z a t i o n  o f  t h e  Banach a l g e b r a  o f  
bounded  c o m p le x -v a lu e d  f u n c t i o n s  on a  s e t  a s  an  a l g e b r a  
o f  c e n t r a l i z e r s .
I n  C h a p te r  I I I , ,  we s tu d y  th e  c e n t r a l i z e r s  o f  th e  
Banach a l g e b r a s  L^(G) f o r  1 <, p < *  and  G a  com pact 
a b e l i a n  t o p o l o g i c a l  g ro u p .  A r e s u l t  o f  C h a p te r  I I  g iv e s  
u s  t h a t  M(L (G )) i s  t h e  s p a c e  o f  b o u n d ed  c o n t in u o u s  
f u n c t i o n s  on th e  d i s c r e t e  d u a l  g ro u p  o f  G an d  i t  i s  
known t h a t  M(L^(G)) i s  t h e  s e t  o f  a l l  F q u r i e r - S t i e l t j e s  
t r a n s f o r m s  o f  c o m p le x -v a lu e d  r e g u l a r  B o re l  m e a su re s  on 
G. We show t h a t  i f l < p < ° ° ,  l < q < ° °  and  1 /p  + 1 /q  =
1 ,  th e n  M(L^(G)) a n d  M (L^(G)) a r e  i d e n t i c a l .  F o r  G a 
com pact a b e l i a n  t o p o l o g i c a l  g ro u p  w i t h  an  e le m e n t  o f  
i n f i n i t e  o r d e r  i n  i t s  d u a l ,  we p ro v e  t h a t  t h e  u n io n  o f  
a l l  th e  s e t s  M(LP ( G ) ) ,  f o r  p  ^  2 ,  i s  p r o p e r l y  c o n t a in e d  
i n  M(L ( G ) ) .  F o r  th e  same c l a s s  o f  g r o u p s ,  we a l s o  have 
t h a t  M(L^(G)) i s  p r o p e r l y  c o n t a i n e d  i n  th e  i n t e r s e c t i o n
v
o f  a l l  t h e  s e t s  M (L ^(G )), f o r  p ) 1 .  T hese  r e s u l t s  a r e  
o b t a i n e d  f i r s t  f o r  th e  c i r c l e  g roup  and  t h a n  e x t e n d e d  
t o  t h e  g ro u p  G.
I n  C h a p te r  IV ,  t h i s  p a p e r  i s  c o n c lu d e d  b y  l i s t i n g  
s e v e r a l  u n s o lv e d  p ro b lem s w hich have a r i s e n  i n  c o n n e c t io n  
w i th  t h i s  w ork.
INTRODUCTION
The t e r m in o lo g y  and n o t a t i o n  u se d  th ro u g h o u t  t h i s  
p a p e r  w i l l ,  f o r  t h e  m ost p a r t ,  be  t h a t  o f  Loomis [ 1 0 ] ^ 
a l t h o u g h  we w i l l  d e p a r t  from  t h i s  i n  s e v e r a l  p l a c e s  and u se  
t h e  t e r m in o lo g y  o f  R i c k a r t  [13] •' These d e p a r t u r e s  a r e  
fo u n d  m o s t ly  i n  d i s c u s s i o n s  o f  o p e r a t o r s  i n  C h a p te r  I I ,  
w here t h e  a p p r o p r i a t e  d e f i n i t i o n s  and  n o t a t i o n  w i l l  be  
g iv e n .
The te rm s  r i g h t  c e n t r a l i z e r  and l e f t  c e n t r a l i z e r  seem 
t o  a p p e a r  f i r s t  i n  a  p a p e r  o f  J .  G. Wendel [ 1 6 ] ,  w here  
t h e y  a r e  d e f i n e d  a s  th e  s e t  o f  a l l  o p e r a t o r s ,  T, on L ^ (G ) , 
f o r  G a  l o c a l l y  com pact t o p o l o g i c a l  g ro u p ,  f o r  w h ich  th e  
i d e n t i t i e s  T ( f g )  = ( T f ) g  and  T ( fg )  = f ( T g ) , r e s p e c t i v e l y  
h o l d .  O p e r a t o r s  s i m i l a r  t o  t h e s e ,  nam ely  th o s e  s a t i s f y i n g  
th e  i d e n t i t y  f (T g )  = ( T f ) g ,  have  b e e n  s t u d i e d  by  Wang i n  
[153 o v e r  a g e n e r a l  com m uta tive  Banach a l g e b r a ,  w here  th e y  
a r e  c a l l e d  ' ' m u l t i p l i e r s ' 1 . Wang shows t h a t  t h i s  a l g e b r a  
o f  o p e r a t o r s  i s  i s o m o rp h ic  to  an  a l g e b r a  o f  f u n c t i o n s  on 
t h e  s p a c e  o f  r e g u l a r  m axim al i d e a l s  o f  t h e  u n d e r ly in g  
Banach a l g e b r a .  I n  t h i s  p a p e r ,  we w i l l  u se  t h e  te rm  
c e n t r a l i z e r . t o  d e n o te  t h e  o p e r a t o r s  and r e s e r v e  th e  te rm
■^Pairs o f  num bers i n  b r a c k e t s  r e f e r  t o  c o r r e s p o n d in g l y  
num bered  r e f e r e n c e s  i n  t h e  S e l e c t e d  B ib l io g r a p h y  and  page 
nu m b ers ,  r e s p e c t i v e l y .  A. s i n g l e  number i n  a b r a c k e t  r e f e r s  
t o  t h e  c o r r e s p o n d i n g l y  num bered r e f e r e n c e  i n  t h e  S e l e c t e d  
B i b l i o g r a p h y .
1
2m u l t i p l i e r  f o r  t h e  c o r r e s p o n d in g  f u n c t i o n s .  I t  s h o u ld  be  
n o te d  t h a t  m u l t i p l i e r  w i l l  h ave  m eaning  o n ly  when th e  
Banach a l g e b r a  i s  co m m u ta tiv e .
T h is  p a p e r  i s  d iv i d e d  i n t o  f o u r  c h a p t e r s ,  t h e  f i r s t  
o f  w h ich  i s  c o n c e rn e d  w i th  t h e  g e n e r a l  p r o p e r t i e s  o f  
c e n t r a l i z e r s  on a  B anach  a l g e b r a .  By Banach a l g e b r a ,  we 
w i l l  a lw ays  mean a  com plex  B anach a l g e b r a .  I n c lu d e d  i n  
C h a p te r  I  a r e  e x t e n s i o n s  o f  s e v e r a l  o f  th e  r e s u l t s  o f  C153 
f to  n o n -c o m m u ta tiv e  a l g e b r a s ,  and th e  c o n c e p ts  o f  r i g h t  
c e n t r a l i z e r ,  l e f t  c e n t r a l i z e r  and c e n t r a l i z e r  a r e  r e l a t e d .
A p r o o f  o f  t h e  th e o re m  r e l a t i n g  c e n t r a l i z e r s  and m u l t i p l i e r s ,  
due t o  Wang C153 , i s  a l s o  i n c l u d e d .
C h a p te r  I I  i s  d e v o te d  t o  a d e t a i l e d  s tu d y  o f  H * - a lg e b r a s  
and  c e n t r a l i z e r s  o f  H * - a lg e b r a s .  The m a j o r i t y  o f  th e
p
m a t e r i a l  i s  m o t i v a t e d  by  L (G ) ,  where G i s  a  compact 
t o p o l o g i c a l  g ro u p .  I t  i s  shown t h a t  t h e  r i g h t  c e n t r a l i z e r s  
and  th e  l e f t  c e n t r a l i z e r s  a r e  ea c h  W * -a lg eb ras  and  a r e ,  
i n  f a c t ,  t h e  W * -a lg e b ra s  g e n e r a t e d  by th e  s e t s  o f  l e f t  
and  r i g h t  m u l t i p l i c a t i o n  o p e r a t o r s ,  r e s p e c t i v e l y .  We 
p ro v e  t h a t  t h e  com mutant o f  t h e  r i g h t  [ l e f t ]  c e n t r a l i z e r s  
i s  t h e  l e f t  [ r i g h t ]  c e n t r a l i z e r s .  I n  o rd e r  t o  show th e  
above com m utant p r o p e r t y ,  we n e e d  a  f a c t  w hich  i s  i n t e r e s t ­
i n g  i n  i t s  own r i g h t ,  nam ely  t h a t  any H * -a lg e b ra  h a s  a l e f t  
a p p ro x im a te  i d e n t i t y  w h ich  i s  unbounded  i f  t h e  a l g e b r a  i s  
n o t  f i n i t e  d im e n s io n a l .  By i n v o l u t i o n  we o b t a i n  a  r i g h t  
a p p ro x im a te  i d e n t i t y  w i th  th e  same p r o p e r ty .
The l a t t e r  p a r t  o f  C h a p te r  I I  in v o lv e s  o n ly  
com m uta tive  H * - a lg e b r a s .  I n  t h i s  c o n t e x t ,  e a c h  r i g h t
3c e n t r a l i z e r  i s  a  l e f t  c e n t r a l i z e r  an d  v i c e  v e r s a .  Hence 
we can  h e r e  t a l k  a b o u t  c e n t r a l i z e r s  w i th o u t  a m b ig u i ty .  A 
c h a r a c t e r i z a t i o n  i s  g i v e n  f o r  t h e  W * -a lg e b ra  o f  c e n t r a l ­
i z e r s  of a  com m uta tive  H * - a lg e b r a  a s  th e  s e t  o f  a l l  bounded , 
a p r i o r i  c o n t in u o u s ,  f u n c t i o n s  on a d i s c r e t e  s p a c e .  The 
com pact o p e r a t o r s  w h ic h  a r e  c e n t r a l i z e r s  and  t h e  p r o j e c t i o n  
o p e r a t o r s  w hich a re  c e n t r a l i z e r s  a r e  c h a r a c t e r i z e d .  I n  
o r d e r  to  o b t a i n  th e  a b o v e  r e s u l t s , we have  had t o  r e l y  on 
s e v e r a l  d ee p  a n d  c o m p l ic a te d  th e o re m s  from  th e  g e n e r a l  
t h e o r y  o f  o p e r a t o r s  on  a  H i l b e r t  s p a c e .
In  d i s c u s s i n g  an  a b e l i a n  t o p o l o g i c a l  g ro u p  G, §  w i l l  
a lw ays d e n o te  t h e  d u a l  g ro u p  o f  G ( t h e  g ro u p  o f  c o n t in u o u s  
homomorphisms o f  G i n t o  t h e  c i r c l e  g r o u p ) .  We show, i n
p
th e  case o f  t h e  H * - a lg e b r a  L (G ) ,  w here G i s  a com pact 
a b e l i a n  t o p o l o g i c a l  g ro u p  w i t h  an  e le m e n t  o f  i n f i n i t e  o r d e r  
i n  § ,  t h a t  the  o p e r a t o r  norm c l o s u r e  o f  t h e  l e f t  m u l t i p l i ­
c a t i o n  o p e r a t o r s  d e f i n e d  b y  r e g u l a r  B o r e l  m e asu res  m ust be  
p r o p e r ly  c o n t a in e d  i n  t h e  a l g e b r a  o f  c e n t r a l i z e r s .  An 
example i s  in c lu d e d  t o  show t h a t  n o n - is o m o rp h ic  g ro u p s  can
phave  L - s p a c e s  w h ich  a r e  i s o m o rp h ic  and  i s o m e t r i c ,  a r e s u l t  
w h ich  i s  c e r t a i n l y  n o t  t h e  c a s e  f o r  L ^ - s p a c e s .  T h is  
example a n d  th e  m ethod o f  p r o o f  u se d  i n  t h e  c h a r a c t e r i z a t i o n  
o f  t h e  a l g e b r a  o f  c e n t r a l i z e r s  l e a d  t o  a th e o re m  w hich 
s t a t e s  t h a t  two H * - a lg e b r a s  a r e  t o p o l o g i c a l l y  an d  a l g e b r a i ­
c a l l y  e q u i v a l e n t  i f  a n d  o n ly  i f  th e y  have th e  same dimen­
s i o n  as H i l b e r t  s p a c e s .  C h a p te r  I I  i s  c o n c lu d e d  by  show ing 
t h a t  e v e ry  com m uta tive  H * - a lg e b r a  i s  * - a l g e b r a  i s o m o rp h ic  
and  t o p o l o g i c a l l y  e q u i v a l e n t  t o  L (G) f o r  some com pact
4a b e l i a n  t o p o l o g i c a l  g ro u p  G, a n d  a  c h a r a c t e r i z a t i o n  o f  t h e  
Banach a l g e b r a  o f  b o u n d ed  f u n c t i o n s  on a  s e t  a s  an  a l g e b r a  
o f  c e n t r a l i z e r s  i s  g iv e n .
C h a p te r  I I I  o f  t h i s  p a p e r  d e a l s  w i th  c e n t r a l i z e r s  of 
t h e  Banach a l g e b r a s  L^(G) f o r  1 { p  ( *  and  G a  com pact 
a b e l i a n  t o p o l o g i c a l  g ro u p . Due to  t h e  n a t u r e  o f  t h e  Lp-  
norm f o r  1 < p  < 00 an d  p £  2 ,  t h e  a l g e b r a s  o f  m u l t i p l i e r s  
a r e  somewhat e a s i e r  t o  w ork  w i t h  t h a n  t h e  c o r r e s p o n d in g  
a l g e b r a s  o f  c e n t r a l i z e r s .  The m u l t i p l i e r s  have  t h e  added 
a s s e t  t h a t  t h e y  a r e  a l l  c o n t a i n e d  i n  C (& ), th e  bounded  
c o m p le x -v a lu e d  f u n c t i o n s  on t h e  d i s c r e t e  sp a c e  £ .  I n  view  
o f  a  r e s u l t  o f  C h a p te r  I I , we have  t h a t  t h e  a l g e b r a  o f  
m u l t i p l i e r s  o f  L^(G) i s  a l l  o f  C ( § ) .  H e lso n  shows i n  [? ]  
t h a t  t h e  a l g e b r a  o f  m u l t i p l i e r s  o f  I^CG) i s  t h e  s e t  o f  
F o u r i e r - S t i e l t ; j e s  t r a n s f o r m s  o f  r e g u l a r  B o re l  m e a s u re s .  
W e n d e l 's  r e s u l t s  i n  [16] g iv e  a  n o n -co m m u ta tiv e  a n a lo g u e  
w hich  y i e l d s  t h e  same r e s u l t  i n  th e  c a s e  t h a t  G i s  
co m m u ta tiv e . I t  s h o u l d  be n o t e d  t h a t  t h e  s e t  o f  F o u r i e r -  
S t i e l t j e s  t r a n s f o r m s  o f  r e g u l a r  B o r e l  m e asu res  m ust be  
p r o p e r ly * c o n ta in e d  i n  C(&) i f  G i s  n o t  f i n i t e  ( c f . [ 8 ] ) .
We show t h a t  i f  1 /p  + 1 /q  = 1 , 1 < p < 00 and  1 < q < 00, 
th e n  t h e  m u l t i p l i e r  a l g e b r a  o f  LP (G) i s  t h e  same a s  t h e  
m u l t i p l i e r  a l g e b r a  o f  Lq(G ) . I t  t h e n  f o l lo w s  t h a t  th e  
a l g e b r a  o f  c e n t r a l i z e r s  o f  LP(G) i s  i s o m e t r i c  and  i s o m o rp h ic  
t o  t h e  a l g e b r a  o f  c e n t r a l i z e r s  o f  L^CG), w here p a n d  q a re  
a s  ab o v e . We n e x t  o b t a i n  a v e r s i o n  o f  a th e o re m  o f  Rudin 
[14 ;551  w hich  s t a t e s  t h a t  i f  H i s  a c l o s e d  su b g ro u p  o f  G,
t h e n  t h e  F o u r i e r  t r a n s f o r m s  o f  e l e m e n ts  o f  L^(G/H) a r e  
p r e c i s e l y  t h e  r e s t r i c t i o n s  t o  t h e  a n n i h i l a t o r  o f  H o f  
t r a n s f o r m s  o f  e le m e n ts  o f  L^(G)-. O ur th e o re m  d ep e n d s  on 
t h e  f a c t  t h a t  G i s  com pact and' we o b t a i n  t h e  same co n ­
c l u s i o n  w here 1 i s  r e p l a c e d  by  p ,  f o r  1 <_ p < «*. I t  i s
shown t h a t  i f  G i s  a com pact a b e l i a n  t o p o l o g i c a l  g ro u p
w i th  an  e lem e n t o f  i n f i n i t e  o r d e r  i n  th e n  t h e  u n io n  o f
a l l  t h e  m u l t i p l i e r  a l g e b r a s  f o r  p  /  2 i s  p r o p e r l y  c o n t a in e d
i n  C ( £ ) .  T h is  i s  a c c o m p l is h e d  b y  f i r s t  p r o v in g  i t  f o r  th e  
c i r c l e  g roup  and th e n  e x t e n d in g  t o  t h e  g e n e r a l  c a s e  by  
means o f  t h e  a n a lo g u e  t o  th e  th e o re m  fro m  R u d in . F o r  th e  
same c l a s s  o f  g r o u p s ,  i t  i s  a l s o  shown t h a t  t h e  i n t e r ­
s e c t i o n  o f  a l l  th e  m u l t i p l i e r  a l g e b r a s  f o r  p > 1 p r o p e r l y  
c o n t a i n s  t h e  m u l t i p l i e r  a l g e b r a  o f  L ^ G ) .
I n  C h a p te r  IV we c o n c lu d e  t h i s  p a p e r  b y  l i s t i n g  
s e v e r a l  i n t e r e s t i n g  u n s o lv e d  p ro b le m s  an d  c o n j e c t u r e s  w hich  
have  a r i s e n  i n  c o n n e c t io n  w i th  t h i s  w ork .
CHAPTER I
The p u rp o s e  o f  t h i s  c h a p t e r  i s  t o  g iv e  t h e  n e c e s s a r y  
n o t a t i o n  and some o f  t h e  p r o p e r t i e s  o f  c e n t r a l i z e r s  w hich 
we w i l l  n e e d  t h r o u g h o u t ’ t h i s  p a p e r .  The th e o re m s  f o r  n on -  
com m uta tive  a l g e b r a s  a r e  s t r a i g h t f o r w a r d  g e n e r a l i z a t i o n s  
o f  r e s u l t s  fo u n d  i n  [ 1 5 ] .  F i n a l l y ,  f o r  t h e  s a k e  o f  
c o m p le te n e s s ,  we g iv e  i n  d e t a i l  t h e  p r o o f  o f  th e  th eo rem  
due t o  Wang [153 w hich  r e l a t e s  t h e  c e n t r a l i z e r s  and t h e  
m u l t i p l i e r s .
The d e f i n i t i o n  o f  Banach a l g e b r a  and  t h e  p r o p e r t i e s  
u s e d  h e r e i n  ca n  be fo u n d  i n  [10 ]  and  [1 3 3 .  The sym bol 
B(X)) w i l l  b e  u s e d  t o  d e n o te  t h e  c o l l e c t i o n  o f  a l l  bounded  
l i n e a r  o p e r a t o r s  from  t h e  Banach s p a c e  X i n t o  X. W ith  
u s u a l  sum, m u l t i p l i c a t i o n  d e f i n e d  b y  c o m p o s i t io n  a n d  
o p e r a t o r  norm , B(X) i s  a  Banach a l g e b r a  w i th  i d e n t i t y .
D e f i n i t i o n  1 .1 .  I f  X i s  a  B anach  a l g e b r a ,  th e n  a 
m ap p in g .T  from  X i n t o  X w i l l  be  c a l l e d  a  c e n t r a l i z e r  o f  X 
i f  T s a t i s f i e s  th e  i d e n t i t y  x (T y) = (T x )y ,  and  we w i l l  
u s e  t h e  symbol (X) to  d e n o te  t h e  s e t  o f  a l l  c e n t r a l i z e r s  
o f  X.
D e f i n i t i o n  1 .2 .  I f  X i s  a  Banach a l g e b r a ,  th e n  
f o l lo w in g  Wendel [ 1 6 ] ,  a  bounded  l i n e a r  o p e r a t o r  T from  X 
i n t o  X w i l l  be c a l l e d  a r i g h t  [ l e f t ]  c e n t r a l i z e r  o f  X i f  T 
s a t i s f i e s  t h e  i d e n t i t y  T (xy) = (T x )y  [T (x y )  = x ( T y ) ] .  We 
w i l l  u s e  R(X) and  L(X) t o  d e n o te  t h e  r i g h t  and  l e f t  
c e n t r a l i z e r s , r e s p e c t i v e l y .
D e f i n i t i o n  1 .5 .  A B anach  a l g e b r a  X i s  s a i d  t o  be 
w i th o u t  o r d e r  i f  yX = ( 0 )  o r  Xy = (0 )  i m p l i e s  t h a t  y  = 0 .
Lemma 1 . 1 . 1 .  I f  X i s  a  B anach  a l g e b r a  w hich  i s  
w i th o u t  o r d e r ,  t h e n  j ? (X )  C l B (X ) .
P r o o f .  L e t  T b e  a  f i x e d  e le m e n t  o f  j £ ( X ) .  P o r  
x , y , z  e X and a  and b com plex  nu m b ers , we have  t h a t  
x [T ( a y  + b z ) ]  = ( T x ) ( a y  + b z )  = a (T x )y  + b (T x )z  = 
ax (T y )  + b x (T z )  = x [a T y  + b T z ] . S in c e  x  was a r b i t r a r y  
and  X i s  w i t h o u t  o r d e r ,  T (a y  + b z )  = aTy + bTz and  th u s  T
| |(T x )y n -  (T x )y | |  < | |x |^ |z  -  Tyn | |  + ||Tx|H(yn  -  y11 w hich
c o n v e rg e s  t o  z e ro  w i th  n .  T h e r e f o r e  xz  = x (T y )  f o r  ea ch  
x  s X and s i n c e  X i s  w i t h o u t  o r d e r ,  we g e t  z = Ty. We now 
a p p ly  th e  C lo s e d  Graph Theorem [1 ;4 1 ]  t o  c o n c lu d e  t h a t  T 
i s  bounded  and  hence  ^ ( X )  d  B (X ).
R(X) r \  L(X), d  jjo(X) an d  e q u a l i t y  h o ld s  i f  X i s  w i th o u t
R(X) and L (X ) , r e s p e c t i v e l y .  Com bining t h e s e  two 
e q u a l i t i e s  we s e e  t h a t  x (T y )  = (T x )y ,  f o r  x , y  e X, and
(T x ) (y z )  = C (T x)y ]z  = [ x ( T y ) ] z  = x [ ( T y ) z ] .  T hus , s i n c e  x
i s  l i n e a r .  F u r t h e r ,  s u p p o se  t h a t  y , z  e X and  t h a t  {y }°°
n  n = l
i s  a  seq u en ce  i n  X su c h  t h a t  jjy^  -  y | | —> 0  and  ||Tyn  ■- z | |—> 0 .  
F o r  x  e X, we have
Lemma 1 . 1 . 2 .  I f  X i s  a  B anach a l g e b r a ,  th e n
o r d e r .
P r o o f .  L e t  T e R(X) r\ L(X) and x , y  e X. Then 
T (xy) = (T x )y  and  T (xy) = x (T y )  s in c e  T i s  a  member o f
t h e r e f o r e  T e jjo (X) • Now su p p o se  t h a t  X i s  w i th o u t  o r d e r  
and  l e t  T e j2 (X ) .  F o r  x , y , z  e X, we have  x [ T ( y z ) ]  =
8was a r b i t r a r y  and  X i s  w i t h o u t  o r d e r ,  T (y z )  = (T y )z ,  w hich  
im p l i e s  t h a t  T s  R (X ). A l s o ,  x [ T ( y z ) ]  = ( T x ) ( y z )  =
[ (T x ) y ]z  •  [ x ( T y ) ] z  = x [ ( T y ) z ]  = x [ y ( T z ) ] .  Theij, a s  ab o v e , 
T (yz) = y (T z )  and  h en c e  T e R(X) O* L (X ).
Theorem 1 .1 .  I f  X i s  a  Banach a l g e b r a  w hich  i s  
w i th o u t  o r d e r ,  t h e n  )o (X) i s  a com m u ta tiv e  Banach s u b -  
a l g e b r a  of*B(X) w hich  c o n t a i n s  t h e  i d e n t i t y  o p e r a t o r .
P r o o f .  As p r e v i o u s l y  m e n t io n e d ,  we w i l l  t a k e  our 
o p e r a t io n s  t o  be u s u a l  sum an d  c o m p o s i t i o n ,  nam ely  
(S + T)x = Sx + Tx and (S T )x  = S (T x ) .  By Lemma 1 . 1 . 1 ,  
we a l r e a d y  have t h a t  ^  (X) C  B(X) . I f  T ,S  e ^  (X) and  
x , y  e X, th e n  x [ ( S  + T )y ]  = x [S y  + Ty] = x (S y )  + x (T y) = 
(S x )y  + (T x )y  = [S x  + T x ]y  = [ (S + T )x ]y  an d  t h e r e f o r e  
S + T e £ ( X ) .  By Lemma 1 . 1 . 2 ,  b o t h  T and S a r e  i n  R*(X) 
and hence  [(T S),x Iy  * [ T ( S x ) ] y  = T [ ( S x ) y l  = T [ S ( x y ) l  = 
(T S )(x y )  w hich  im p l i e s  t h a t  TS s R (X ). S i m i l a r l y ,  
x [ (T S )y ]  = x [T (S y )J  » T [ x ( S y ) ]  = T [S (x y ) ]  *= ( T S ) ( x y ) ,  
s i n c e  b o th  T and S a r e  i n  L (X ) ,  an d  hence  TS e L (X ) .
Thus TS s R(X) ' r \  L(X) and  a p p l i c a t i o n  of Lemma 1 . 1 . 2  g iv e s  
us t h a t  TS e ( S ) . F u r th e r m o r e ,  i f  a  i s  a  com plex number, 
th e n  x(aT),y = x [aT y] = a x (T y )  = a ( T x )y  = [ ( a T ) x ] y  and 
aT e ^ ( X ) .  We have  now shown t h a t  ^>(X) i s  a  s u b a lg e b r a  
B (X ). I f  T ,S  e )S(X ) a n d  x , y  e X, th e n  x [ (T S )y ]  = 
x [T (S y )]  = (Tx) (S y )  = [ S ( T x ) ] y  = [ (S T )x )y  = x [ ( S T ) y ] .
S in c e  X i s  w i th o u t  o r d e r ,  we c o n c lu d e  t h a t  (T S )y  = (ST)y 
and t h a t  )£(X) i s  c o m m u ta t iv e .  I f  we d e n o te  by  I  th e  
i d e n t i t y  o p e r a t o r ,  th e n  x ( I y )  = x y  = ( I x ) y  and  h en c e  
I  e g a ) .  We w i l l  u se  to  r e p r e s e n t  t h e  o p e r a t o r
norm f o r  B (X ) , n am ely  | | t | |0 = s u p { | |T x | | :x  e X, | |x | |  = 1} f o r
T e B (X ). S uppose  t h a t  {T }°* i s  a  s e q u e n c e  i n  ^2(X)
n = l
w hich  i s  Cauchy w i th  r e s p e c t ,  .to  t h e  o p e r a t o r  norm d e f i n e d  
ab o v e .  S in c e  '£> (X) C Z  B(X) and  B(X) i s  c o m p le te ,  t h e r e  
e x i s t s  T e B(X) s u c h  t h a t  ||Tn  -  T ||Q— 0 .  I f  x ,y  e X, th e n  
| |x (T y) -  (T x )y | |  < |(x(Ty) -  x (T ny ) | |  + ||(Tnx ) y  -  (T x )y | |
< iHO^y - vll * llv - HHHI12IHHHHITn - Tll0 which
c o n v e rg e s  t o  z e ro  w i th  n .  Hence x (T y) = (T x )y  an d  
T e j£ ( X ) ,  T h e r e f o r e  ]2(X ) i s  c o m p le te  w i th  r e s p e c t  t o  
t h e  o p e r a t o r  norm and  t h e  p r o o f  o f  t h e  th e o re m  i s  c o m p le te .
I t  s h o u ld  b e  n o t e d  t h a t  t h e  th e o re m  j u s t  p ro v e d  i s  
a  v e r y  s t r a i g h t f o r w a r d  g e n e r a l i z a t i o n  o f  s e v e r a l  o f  t h e  
r e s u l t s  fo u n d  i n  S e c t i o n  2 o f  [153• The n e x t  th e o re m  i s  
a l s o  i n  [1 5 ]  and  i s  i n c l u d e d  ( w i th  a more l u c i d  p r o o f )  
f o r  th e  s a k e  o f  c o m p le t e n e s s .
We w i l l  f i r s t  n e e d  a  few  f a c t s  w h ich  can  be fo u n d  i n
[ 1 0 ] .  We u se  t h e  sym bol t o  d e n o te  t h e  sp ace  o f  
r e g u l a r  m axim al i d e a l s  o f  t h e  co m m u ta tiv e  Banach a l g e b r a  
X. An i d e a l  I  i n  X i s  s a i d  t o  b e  r e g u l a r  X /I  h as  a u n i t .
I f  ■m* i s  g iv e n  th e  w e a k e s t  t o p o lo g y  f o r  w hich  a l l  t h e  
f u n c t i o n s  x ,  f o r  x  e X, a r e  c o n t in u o u s ,  th e n  i t  becom es 
a  l o c a l l y  com pact H a u s d o r f f  s p a c e .  The f u n c t i o n  & i s
d e f in e d  on by  #(M) = h jj(x )  w here M e end hjj i s
t h e  m u l t i p l i c a t i v e  l i n e a r  f u n c t i o n a l  o n to  t h e  com plex 
num bers a s s o c i a t e d  w i t h  M. I n  t h i s  p a p e r ,  we w i l l  c o n s i d e r  
TT)  ^ a s  t h e  c o r r e s p o n d in g  m u l t i p l i c a t i v e  l i n e a r  f u n c t i o n a l s  
o n to  t h e  com plexes w h ich  a r e  im bedded  i n  th e  a d j o i n t  sp a c e
io
o f  X and  g iv e n  t h e  r e l a t i v e  weak-* to p o lo g y .  We a l s o  n e e d  
two d e f i n i t i o n s  b e f o r e  s t a t i n g  t h e  th e o re m  r e l a t i n g  
c e n t r a l i z e r s  an d  m u l t i p l i e r s .
D e f i n i t i o n  1 . 4 .  [ 1 0 ;6 2 ]  A com m uta tive  Banach a l g e b r a
i s  s a i d  t o  be s e m i- s im p le  i f  t h e  i n t e r s e c t i o n  o f  a l l  o f  
i t s  r e g u l a r  m axim al i d e a l s  i s  z e r o .  N ote  t h a t  t h i s  
c o n d i t i o n  i s  e q u i v a l e n t  t o  t h e  c o n d i t i o n  t h a t  th e  c o r r e s ­
pondence b e tw e e n  x  an d  £  be  o n e - t o - o n e .
D e f i n i t i o n  1 . 5 .  I f  X i s  a  com m uta tive  B anach a l g e b r a ,  
th e n  a f u n c t i o n  f  from  i n t o  t h e  com plex  num bers w i l l  
be c a l l e d  a m u l t i p l i e r  o f  X p r o v id e d  f  X C  X, w here 
T  « ( £ : x  e X) and  t h e  s e t  o f  a l l  m u l t i p l i e r s  o f  X w i l l  be  
d e n o te d  b y  M(X).
Theorem 1 . 2 .  [153 L e t  X be  a  s e m i- s im p le
com m uta tive  B anach  a l g e b r a .  Then M(X) C  C(W]x)» bhe 
bounded  c o n t in u o u s  c o m p le x -v a lu e d  f u n c t i o n s  on and
t h e r e  i s  a  n a t u r a l  m apping  from  )2(X) o n to  M(X) w hich  i s  
a  n o r m -d e c r e a s in g  a l g e b r a  iso m o rp h ism .
Remark. We w i l l  o f t e n  r e f e r  t o  t h i s  m apping a s  th e  
Wang m apping .
P r o o f .  We w i l l  f i r s t  show how t o  o b t a i n  t h e
m u l t i p l i e r  w h ich  c o r r e s p o n d s  t o  a  g iv e n  c e n t r a l i z e r .  F i x
T e )o(X) and  h  e S uppose  t h a t  x  and y  a r e  two
e le m e n ts  o f  X su c h  t h a t  x ( h )  ^  0 /  y ( h ) .  Then
T x £ k l = T x (h )y (h )  = ( T x )y (h )  = x ( T y ) ( h )  = xCtpflyCh) _ ffy(h) 
x  (h )  x ( h ) y ( h )  x ( h ) y ( h )  x ( h ) y t h )  x ( h )  y ( h )  y  (h )
Now, f o r  h e ch o o se  x ^  e X su c h  t h a t  £  0 and
d e f i n e  F from  i n t o  t h e  com plex  num bers b y  F (h )  *
11
TxvCh)
— - -----  . I n  v iew  o f  t h e  a rg u m e n t ab o v e ,  th e  d e f i n i t i o n\  (h)
o f  F i s  i n d e p e n d e n t  o f  c h o ic e  o f  t h e  x ^  s u c h  t h a t  x jj(h )  i  
0 .  S in c e  and  tfx^ a r e  c o n t in u o u s  a t  h  and  x ^ (h )  /  0 ,  
i t  f o l lo w s  t h a t  F i s  c o n t in u o u s  a t  h .  Suppose t h a t  x  e X 
su c h  t h a t  x ( h )  = 0 .  Then 0 = xCtOtfx^Ch) = x ( T x ^ ) (h )  = 
(TaOx^Ch) -  $ x ( h ) x ^ ( h )  and  s i n c e  a^Ch) /  0 ,  i t  i s  t r u e  
t h a t  T x(h )  = 0 .  H en ce , x ( h ) F ( h )  = T x(h )  h o ld s  f o r  a l l  
x  e X and  h  e i f  &(h) /  0 ,  t h e n  th e  d e f i n i t i o n  o f
F i m p l i e s  t h e  v a l i d i t y  o f  t h e  above e q u a t io n  and i f  x ( h )  = 
0 ,  t h e  p r e v io u s  a rg u m en t shows t h a t  b o th  s i d e s . o f  t h e  
e q u a t i o n  a r e  z e r o .  S in c e  Fx = !l?x f o r  a l l  x  e X, i t  i s
c l e a r  t h a t  F i s  a  m u l t i p l i e r .  We have  a l r e a d y  n o te d
t h a t  F i s  c o n t in u o u s  and  now we w i l l  show t h a t  i t  i s  
b o u n d ed . I n  o r d e r  t o  do t h i s ,  f o r  e a c h  h e l e t
= s u p { |x ( h ) |  tx  e X, | |x | |  = l } .  S in c e  h e t h e r e
.  Xu
i s  an e le m e n t  x ^  i n  X s u c h  t h a t  ^ ( h )  ^ 0 .  A lso  j j x j l  6 x
and  h a s  norm u n i t y .  T h e r e f o r e  2
x ^ (h )
IFUT > 0 .IWI
F u r t h e r ,  x  e X and  | J x j |  = 1 i m p l i e s  t h a t  | | x | |  <, where
oo
| j » j j  i s  t h e  supremum norm f o r  c O T ^ ) ,  and hence  0 < ( i
Now, f i x  x  e X. I f  Tx = 0 ,  t h e n  lfx(h) = 0 and  |F (h ) x (h ) |
= |f ic (h ) | = 0 1  ^ I H U W I .  w here | |t jjQ i s  t h e  o p e r a t o r  
norm o f  T. I f  Tx /  0 ,  t h e n  yprjyj e x  and b a s  norm one . 
T hus, an d  h en c e  |fic(h)| £  Kh |(tx | j < kJ H U M I -
T h e r e f o r e ,  |F (h )x (h ) |  = |T x(h) | <. K^ | | l | | x | |  f o r  a l l  x  e X. 
H ence, f o r  x  e X su c h  t h a t  x  = 1 ,  we have t h a t
|p (h ) | |x (h ) | <, K^Ht I ^  an d  t h e r e f o r e  |p(h)| =
s u p { (p(h)] |£(h)| : x  e X ,| |x | |=  1} i  KJ | T||0 » T h e re f o re  |F (h ) |  £  
IHIo* F i s  k ? unde(* an d  |H I  i .  IHIq* Now» d e f in e  0 from
(X) i n t o  M(X) b y  6 (T )  = F ,  w here  Tx = F£ f o r  a l l  x  e X.
S in c e ,  f o r  e v e ry  h e T f \ j ,  t h e r e  i s  x^  e X su ch  t h a t
5c^(h) 4  0 ,  i t  f o l l o w s  t h a t  0 i s  w e l l  d e f i n e d .  We have 
a l r e a d y  n o te d  t h a t  0 i s  i n t o  M(X) and  i s  n o rm -d e c re a s in g .
F o r  T,S e )S (X ) ,  h e and  x , y  e X, we have t h a t
[0 (T )  + 0 ( S ) ] ( h ) x ( h )  = 0 ( T ) ( h ) x ( h )  + 0 ( S ) ( h ) x ( h )  =
T x(h) + S x (h )  = ( f * + ^ S ) x ( h )  = 0 (T  + S ) ( h ) x ( h )  and hence
0(T  + S) = 0 (T )  + 0 ( S ) .  F u r t h e r ,  0 ( S T ) (h ) x y (h )  =
( S T K x y ) ( h )  = S ( T ( x y ) ) ( h )  = ( S x K T y ) ( h )  = S x (h )T y (h )  =
0 ( S ) ( h ) x ( h ) 0 ( T ) ( h ) y ( h )  = 0 ( S ) ( h ) 0 ( T ) ( h ) x y ( h )  and th u s  
0(ST) = 0 ( S ) 0 ( T ) . S in c e  0 ( a T ) ( h ) x ( h )  -  aTx(h) = a tfx(h) =
a 0 ( T ) ( h ) x ( h ) , we h ave  0 (a T )  = a0 (T )  f o r  a l l  a  com plex.
The m apping 0 i s  o n e - t o - o n e  s i n c e  i f  0 (T )  = 0 ,  th e n
T x(h) = 0 f o r  a l l  x  e X and  h  e The s e m i - s i m p l i c i t y
o f  X im p l i e s  t h a t  Tx = 0 f o r  a l l  x  e X and hence T = 0 .
We w i l l  now show t h a t  0 i s  a c t u a l l y  o n to .  I n  o r d e r  to. do 
t h i s ,  l e t  F e M(X). S in c e  FX* C 1 £*» f o r  each  x  e X, t h e r e
i s  an e le m e n t  y  e X s u c h  t h a t  Fx = y .  S in c e  th e  m apping
•'V i s  o n e - t o - o n e ,  t h e r e  can  b e  o n ly  one su ch  y  e X. Now 
d e f i n e  T from  X i n t o  X by  Tx = y  w here  y  i s  r e l a t e d  to  x  
by Fx = y .  S in c e  y  i s  u n i q u e l y  d e te rm in e d  by  x ,  t h e  
mapping T i s  w e l l - d e f i n e d .  I t  i s  c l e a r  t h a t  0(T) = F s i n c e
T x(h) = y ( h )  = F ( h ) £ ( h ) . F o r  x , y  e X, x (T y ) (h )  =
x(h)(Py(h) = x ( h ) F ( h ) y ( h )  = F ( h ) x ( h ) y ( h )  = (Tx(h)y(h) =
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(T x )y (h )  f o r  a l l  h e * ^ x . T h e r e f o r e  x(Ty5 = (T x )y  and  th e  
f a c t  t h a t  i s  o n e - to - o n e  g i v e s  u s  t h a t  x (T y )  = (T x )y .  
Thus T e j S  ( X )  and 0 (T )  = F  i m p l i e s  t h a t  0 i s  o n to  M(X).
I t  now f o l lo w s  t h a t  M(X) i s  a  s u b s e t  o f  C(fr)x ) s i n c e  t h e  
im age o f  0 i s  c o n t a in e d  i n  C( T f f e ) ,
CHAPTER I I
T h is  c h a p t e r  w i l l  he  d e v o te d  t o  a  d e t a i l e d  s tu d y  o f  
H * - a lg e b r a s  and  c e n t r a l i z e r s  o f  H * - a l g e b r a s .
D e f i n i t i o n  2 . 1 .  [ 1 0 ; 1 0 0 ] ( [ 1 1 ; 3 3 0 ] ) An H * -a lg e b r a  
( H i l b e r t  R ing) i s  a Banach a l g e b r a  H w h ich  i s  a l s o  a 
H i l b e r t  sp a c e  u n d e r  t h e  same norm and  h a s  an  i n v o l u t i o n  
* s a t i s f y i n g :
a ) ,  ( a x  + b y )*  = ax* + by*
b ) .  (x y )*  = y*x*
c ) .  x** = x
d ) .  ( x y , z )  = ( y ,x * z )
f o r  a l l  x , y , z e  H and  a  and  b com plex  num bers .
D e f i n i t i o n  2 . 2 .  [ 1 3 ; 1 8 0 ] ( [ 1 1 ; 1 8 8 ] )  A Banach a l g e b r a
X w i l l  be  c a l l e d  a  Banach *- a l g e b r a  ( sy m m e tr ic  Banach 
r i n g )  i f  t h e r e  i s  an  i n v o l u t i o n  on X s a t i s f y i n g  a ) , b ) , c )  
and  e) o f  D e f i n i t i o n  2 , 1 .
D e f i n i t i o n  2 . 3 .  [1 3 ;1 8 0 ]  ( [ 1 1 ; 2 2 8 ] )  A Banach
*- a l g e b r a ,  X, i s  c a l l e d  a B * - a l g e b r a  ( c o m p le te ly  r e g u l a r
D e f i n i t i o n  2 . 4 .  [1 3 ;1 8 1 ]  A c l o s e d  s e l f - a d j o i n t
s u b a lg e b r a  o f  B (H ) , w here H i s  a  H i l b e r t  s p a c e ,  i s  
c a l l e d  a  C * - a lg e b r a .  By s e l f - a d j o i n t ,  we mean t h a t  th e  
n a t u r a l  i n v o l u t i o n  o f  B(H) maps t h e  s u b a lg e b r a  i n t o  
i t s e l f .
Banach e a c h  x  e X
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Remark. I t  i s  c l e a r  t h a t  a  C * - a lg e b r a  i s  a  B * - a lg e b r a  
and  e v e ry  com plex B * - a lg e b r a  i s  i s o m e t r i c a l l y  * - a l g e b r a  
i s o m o rp h ic  to  a  C * - a l g e b r a ,  ( c f .  [ 1 3 ; 2 4 4 ] ) .
D e f i n i t i o n  2 . 3 .  [1 3 ;2 8 9 ]  ( [ 1 1 ; 4 4 4 ] )  A W * -a lg eb ra  
(w eak ly  c l o s e d  r i n g )  i s  a s e l f - a d j o i n t  s u b a lg e b r a  o f  
B (H ) , where H i s  a H i l b e r t  s p a c e ,  w h ich  i s  c l o s e d  
r e l a t i v e  to  t h e  weak o p e r a t o r  t o p o lo g y  o f  B (H ).
Now, assume t h a t  H i s  a n  H * - a lg e b r a .  We have  a l r e a d y  
shown i n  Theorem 1 .1  t h a t  )o (H ) i s  a  com m uta tive  Banach 
s u b a lg e b r a  o f  B(H ). We w i l l  now s t u d y  t h e  s p a c e s  R(H) 
and  L(H) i n  c o n s i d e r a b l y  more d e t a i l .
Theorem 2 .1 .  I f  H i s  a n  H * - a lg e b r a ,  th e n  R(H) and 
L(H) a r e  C * -a lg e b r a s  (h en c e  B * - a l g e b r a s )  ea c h  o f  w hich  
c o n t a in s  t h e  i d e n t i t y  o p e r a t o r  I .
P r o o f .  The p r o o f  w i l l  b e  g iv e n  f o r  R(H) s i n c e  th e
a rg u m en ts  f o r  L(H) a r e  q u i t e  s i m i l a r .  Choose A,B e R(H)
and  x ,y  e H. F i r s t ,  (A + B ) (x y )  =? A (xy) + B (xy) » .
A(xy) + B (xy) = (A x)y + (B x )y  = [(A  + B )x ]y  and  th u s
A + B s R (H ). S eco n d , (A B )(xy) = A [B (x y )]  = A [(B x)y ]  =
[A (B x)]y  = [ (A B )x ]y , AB e B(H) an d  h en c e  AB e R (H ). I f
A e R(H) and x , y , z  e H, th e n  ( A * ( x y ) ,z )  = (x y ,A z )  =
( x ,  (A z)y* ) = (x ,A (z y * 9 )  = (A * x ,z y * )  = ( ( A * x ) y ,z ) .  Hence
A*(xy) = (A*x)y and A* e R (H ) . I t  i s  c l e a r  t h a t  aA e R(H)
w henever' a  i s  com plex and  A e R (H ) . F u r th e r m o r e , i f
A e B(H) and i f  {A }°° i s  a  s e q u e n c e  i n  R(H) su c h  t h a t
n = l
||An  -  a|Jq—> 0 ,  th e n  ||A (xy) -  (A x )y | |  <. ||A(xy) -  An (x y ) |]  + 
lk Anx )y -  (Ax)y || £  2) |x| H |y| H |An -  A ||o w hich  c o n v e rg e s  w i th
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n  t o  z e r o .  Hence A (xy) = (A x)y  and  A e R (H ) . T h e r e f o r e  
R(H) i s  a  c l o s e d  s e l f - a d j o i n t  s u b a l g e b r a  o f  B (H ). S in c e  
R(H) c l e a r l y  c o n t a i n s  t h e  i d e n t i t y  o p e r a t o r ,  we have  th e  
c o n c l u s i o n  o f  t h e  th e o re m .
D e f i n i t i o n  2 . 6 .  [ l l ;4 4 -5 ]  S uppose  S i s  a  s e t  i n  B (H ).
Then t h e  commutant o f  S ,  d e n o te d  b y  S ‘ , i s  t h e  s e t  o f  a l l  
o p e r a t o r s  i n  B(H) t h a t  commute w i th  a l l  t h e  o p e r a t o r s  i n  
S ^  S * .
D e f i n i t i o n  2 . 7 .  [ l l j h h ^ l  The p r i n c i p a l  i d e n t i t y  of 
a  s e t  S i n  B(H) i s  t h e  p r o j e c t i o n  o n to  H -  N w here N i s  
t h e  s e t  o f  a l l  e l e m e n ts  i n  H o n  w hich  a l l  t h e  o p e r a t o r s  
i n  S U  S* v a n i s h  and  H -  N i s  t h e  o r th o g o n a l  com plem ent 
o f  N i n  H.
The f o l lo w in g  p r o p o s i t i o n s ,  e n d in g  w i th  C o r o l l a r y
2 . 2 . 2 ,  w i l l  be  u s e d  i n  t h e  n e x t  few  th e o re m s  and a r e  
i n c l u d e d ,  w i th o u t  p r o o f ,  f o r  th e  s a k e  o f  c o m p le te n e s s .
Lemma 2 . 2 . 1 .  [1 1 ;4 4 5 3  I f  S i s  an  a r b i t r a r y  s e t  i n
B (H ) , t h e n  th e  p r i n c i p a l  i d e n t i t y  o f  S b e lo n g s  t o  S '  a n d  
S "  = ( S ' ) f .
Theorem 2 . 2 .  [1 1 ;4 4 6 ]  S uppose  S i s  an  a r b i t r a r y
s u b s e t  o f  B(H) and  t h a t  Eq i s  t h e  p r i n c i p a l  i d e n t i t y  of
t h e  s e t  S .  The W * -a lg e b ra  g e n e r a t e d  b y  S c o n s i s t s  o f  th o s e
and  o n ly  t h o s e  e le m e n ts  A e S ' '  w h ich  s a t i s f y  t h e  c o n d i t i o n
E A = AE„ = A. o o
C o r o l l a r y  2 . 2 . 1 .  [1 1 ;4 4 8 ]  I f  X i s  a s e l f - a d j o i n t
s u b a lg e b r a  o f  B (H ) ,. t h e n  i t s  weak a n d  s t r o n g  o p e r a t o r  
c l o s u r e s  c o i n c i d e .
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C o r o l l a r y  2 . 2 . 2 .  [ 1 1 ; 4 4 8 ]  I f  X i s  a  W * -a lg e b ra
c o n t a i n i n g  t h e  i d e n t i t y ,  t h e n  X ' 1 = X. .
Theorem 2 . 3 .  L e t  H he a n  H * - a l g e b r a .  Then R(H)
and  L(H) a r e  W * - a l g e b r a s .
P r o o f .  I n  v iew  o f  Theorem 2 . 1 ,  R(H) i s , a  s e l f -
a d j o i n t  s u b a l g e b r a  o f  B(H) an d  h e n c e  we m ust  o n l y  show
t h a t  i t  i s  weak o p e r a t o r  c l o s e d .  To do t h i s ,  l e t  A e B(H)
and  {A } b e  a  n e t  i n  R(H) w i t h  t h e  p r o p e r t y  t h a t  
' a  aeD
{A } c o n v e rg e s  t o  A i n  t h e  s t r o n g  o p e r a t o r  t o p o l o g y .  
a  aeD
By a n e t ,  we mean a  f u n c t i o n  f rom  a  d i r e c t e d  s e t  i n t o
some s p a c e ,  i n  t h i s  c a s e  f rom  D i n t o  R(H) ( e . g . , s e e
C 9 ; 6 5 ] ) .  Then, f o r  x , y  e H, we h av e  | |A(xy) -  (Ax)y | |  £
| |A(xy) -  Aa ( x y ) | |  + ||(Aax ) y  -  ( A x ) y | |  £  | |A(xy) -  Aa ( x y ) | |  +
I k *  -  Ax||| |y| | w h ich  c o n v e rg e s  t o  z e r o  w i t h  a .  Hence
A(xy) * (Ax)y ,  A e R(H) and R(H) i s  c l o s e d  r e l a t i v e  t o
t h e  s t r o n g  o p e r a t o r  t o p o l o g y .  S i n c e  R(H) i s  a  s e l f -
a d j o i n t  s u b a l g e b r a  o f  B (H ) , t h e  s t r o n g  and  weak o p e r a t o r
c l o s u r e s  o f  R(H) c o i n c i d e  by C o r o l l a r y  2 . 2 . 1 .  Hence
R(H) i s  weak o p e r a t o r  c l o s e d  and  t h u s  i s  a  W * -a lg e b ra .
»
The p r o o f  f o r  L(H) i s  s i m i l a r  and w i l l  be  o m i t t e d .
Theorem 2 . 4 .  I f  H i s  an  H * - a l g e b r a ,  t h e n  t h e r e  i s
a  n e t  {e_} c o n t a i n e d  i n  H w i t h  t h e  p r o p e r t y  t h a t  
a  aeD
{e x} c o n v e rg e s  t o  x  and {xe *} c o n v e rg e s  t o  x  f o r  
a  aeD a  aeD
e v e r y  x  e H,
P r o o f .  F o r  x  e H, d e f i n e  t h e  m app ing ,  L , f romA
H i n t o  H by  Lx ( y )  = xy» Le t  <^(H) = {Lx :x  e H} and  i t
i s  e a s i l y  s e e n  t h a t  d£(H) d  R (H ).  F o r  S an  a r b i t r a r y  
s u b s e t  o f  B (H ) , d e n o te  by  W(S) t h e  s m a l l e s t  W * ^a lg eb ra  
c o n t a i n i n g  S .  S in c e  o p e r a t o r  sum and  c o m p o s i t i o n  i n  
o^(H) c o r r e s p o n d  t o  t h e  sum and  m u l t i p l i c a t i o n  i n  H an d  
(Lx )* = I»x *, we have  t h a t  <^(H) i s  a s e l f - a d j o i n t  s u b ­
a l g e b r a  o f  B(H).  I t  now f o l l o w s  t h a t  t h e  w eak  o p e r a t o r
m
c l o s u r e  o f  dC(H) i s  a W * -a lg e b ra  and  h e n c e  W (df(H ))  i s  t h e  
weak o p e r a t o r  c l o s u r e  o f  o£(H).  Now, l e t  N »
(x  e  H : Ax = 0 f o r  a l l  A e o £ (H ) } . S i n c e  x  e N i m p l i e s  
t h a t  L ( x )  = 0 f o r  a l l  y  e H, we have i n  p a r t i c u l a r ,i/
L * (x )  = x*x = 0 and  t h u s  x  = 0 .  Hence N = ( 0 ) .  an d  th e
p r i n c i p a l  i d e n t i t y  o f  <$£(H) i s  I ,  t h e  i d e n t i t y  o p e r a t o r ,
and  by  Lemma 2 . 2 . 1 ,  I  s ) '  / ~ \  s C . ( H ) ' ' .  By Theorem
2 . 2 ,  we have  t h a t  W ( ^ ( H ) )  = {A e ^ ( H ) ”  : AI = IA = A} =
o £ (H ) ' ' .  Combining t h e s e  two s t a t e m e n t s , we c o n c lu d e
t h a t  I  e W(o£ ( H ) )  and  hence  I  i s  an  e l e m e n t  o f  t h e  weak
o p e r a t o r  c l o s u r e  o f  d f (H ) .  S in c e  <S£(H) i s  a  s e l f -
a d j o i n t  s u b a l g e b r a  o f  B (H )* we h a v e ,  v i a  C o r o l l a r y  2 . 2 . 1 ,
t h a t  I  i s  an  e l e m e n t  o f  t h e  s t r o n g  o p e r a t o r  c l o s u r e  o f
o^(H). H ence ,  t h e r e  e x i s t s  a  n e t  o f  o p e r a t o r s ,  {A } ,
a  aeD
c o n t a i n e d  i n  <5^(H) su ch  t h a t  (A } c o n v e r g e s  t o  I  i n  t h e
a aeD
s t r o n g  o p e r a t o r  t o p o l o g y .  S i n c e  A& e ^ ( H ) , t h e r e  e x i s t s
an  e„ e H su c h  t h a t  A„ = L f o r  a l l  a e D .  F o r  x  e H, a a e ’
we have t h a t  HL (x )  -  I ( x ) T — > 0,  s i n c e  {La } c o n v e rg e s
a "  e a  aeA
t o  I  i n  t h e  s t r o n g  o p e r a t o r  t o p o l o g y .  Hence | | e ax  -  x | j—>0
and { e x }  c o n v e rg e s  t o  x .  By a p p l y i n g  t h e  same
a aeD
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a rg u m e n t  t o  x * , we c a n  c o n c lu d e  t h a t  ||©gX* -  x*| |—^ 0 .
However ,  t h i s  i m p l i e s  t h a t  xe  * -  x  I—->0 and  t h u s  {xe *}
a  a  asD
c o n v e rg e s  t o  x .
C o r o l l a r y  2 . 4 . 1 .  I f  H i s  an  H * - a l g e b r a ,  t h e n  R(H)
i s  t h e  W * -a lg e b ra  g e n e r a t e d  b y  t h e  l e f t  m u l t i p l i c a t i o n
o p e r a t o r s ,  o r  e q u i v a l e n t l y ,  R(H) = W(cy£(H)). I f  we
d e f i n e  r i g h t  m u l t i p l i c a t i o n  o p e r a t o r s  i n  a  s i m i l a r
m a n n e r ,  t h e n  we g e t  t h e  a n a lo g o u s  r e s u l t  f o r  L ( H ) .
P r o o f .  L e t  {eQ} be t h e  n e t  o f  Theorem 2 . 4  i n  H.
a  aeD
F o r  A e R (H ) , L .  ( x )  « (Ae ) x  = A ( e x )  and  s i n c e  { e x }
a a  a  aeD
c o n v e rg e s  t o  x ,  we have t h a t  {L. ( x )}  c o n v e rg e s  t o
a  aeD
Ax f o r  e a c h  x  e H. T h e r e f o r e ,  t h e  n e t  o f  o p e r a t o r s
{LAe } c o n v e rg e s  t o  A i n  t h e  s t r o n g  o p e r a t o r  t o p o l o g y  
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an d  hence  o£(H) i s  s t r o n g  o p e r a t o r  d en se  i n  R (H ) . As 
s e e n  i n  t h e  p r o o f  o f  Theorem 2 . 4 ,  o£(H) i s  a  s e l f - a d j o i n t  
s u b a l g e b r a  o f  B(H),  so  i t s  weak and  s t r o n g  o p e r a t o r  
c l o s u r e s  c o i n c i d e  b y  C o r o l l a r y  2 . 2 . 1 .  S i n c e  R(H) i s  a  
W * -a l g e b r a ,  we now have  t h a t  t h e  weak o p e r a t o r  c l o s u r e  o f  
w hich  i s  t h e  W * -a lg e b ra  g e n e r a t e d  by  <^(H) , i s  
p r e c i s e l y  R(H).  I f  we d e f i n e  R from  H i n t o  H by  R__(y) =X X
y x ,  f o r  e a c h  x  e H, t h e n  GL(H) = {R : x  e H} i s  a  s e l f -
a d j o i n t  s u b a l g e b r a  o f  B(H) and  Gi(H) C  L ( H ) . F o r
A e L ( H ) , t h e  n e t  {R*_ *} c o n v e rg e s  t o  A i n  t h e  s t r o n g
a  aeD
o p e r a t o r  t o p o l o g y  and  t h e  p r e v i o u s  a rg u m e n ts  a p p l i e d  to  
G i(H )  and  L(H) g iv e  t h a t  W(6^(H)) = L (H ) .
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Theorem 2 , 5 .  I f  H i s  an  H * - a l g e b r a , t h e n  t h e
commutant o f  R(H );  R (H ) ’ , i s  L(H) and  L(H) * = R (H ).
P r o o f .  I t  i s  known, s e e  [ 1 1 ;4 4 5 3 ,  t h a t  i f  S i s  any 
s e t  i n  B (H ) , t h e n  S '  = W (S) ' .  T h is  f a c t ,  t o g e t h e r  w i t h  
C o r o l l a r y  2 . 4 . 1 ,  a l l o w s  us  t o  c o n c lu d e  t h a t  R(H) 1 =
W( o£(H)  ) '  = «5f(H) ' . '  Now, f o r  A s R(H) • , we h a v e  t h a t  
A e c?C(H) * and  hence  AL = L A f o r  a l l  x  e H. Thus 
A(xy) =  A C L ^ )  =  (ALx )y  = (LxA)y =  Lx (Ay) =  x ( A y ) , A e  L(H)
and  R(H) ’ CT L (H ) .  F o r  A e L ( H ) , i t  w i l l  now be  shown
t h a t  A commutes w i t h  L f o r  e a ch  x e H .  I f  jc ,y  e  H, 
t h e n  (ALx ) y  = A C L ^ y )  = A(xy) = x(Ay) = Lx (Ay) = (LxA)y. 
Hence A e « f ( H ) 1 and t h u s  A e R (H ) ' .  T h e r e f o r e  we have  
shown t h a t  L ( H ) C I  R(H) '  and  h en c e  L(H) = R ( H ) ' .  A l s o ,  . 
we have  t h a t  R (H ) ' ' = L(H) ' and s i n c e  R(H) i s  a  W * -a lg e b ra  
c o n t a i n i n g  t h e  i d e n t i t y ,  we can  c o n c l u d e ,  b y  C o r o l l a r y  
2 . 2 . 2 . ,  t h a t  L ( H ) ' = R (H ) .
D e f i n i t i o n  2 . 8 .  C13;2333 ( [ 1 1 ; 2 1 7 ] )  A Banach 
* - a l g e b r a  X w i t h  i d e n t i t y ,  e ,  w i l l  b e  c a l l e d  sy m m etr ic  
( c o m p l e t e l y  sy m m etr ic )  i f  e + x*x h a s  an  i n v e r s e  i n  X 
f o r  e a c h  x  £ X.
D e f i n i t i o n  2 . 9 .  [11 ;2593  A Banach *- a l g e b r a  X, 
w i t h  i d e n t i t y ,  e ,  w i l l  be c a l l e d  r e d u c e d  i f  
{x s X : f ( x * x )  = 0 f o r  e v e ry  p o s i t i v e  f u n c t i o n a l ,  f , on X}
= ( 0 ) ,  where  f  i s  c a l l e d  a p o s i t i v e  f u n c t i o n a l  i f  f  i s  a  
l i n e a r  f u n c t i o n a l  and f ( y * y )  2  0 f o r  a11 y  e X.
Theorem 2 . 6 .  R(H) and L(H) a r e  b o t h  sy m m etr ic  and  
r e d u c e d  (h e n c e  s e m i - s im p l e )  a l g e b r a s  i f  H i s  a n  H * - a l g e b r a .
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P r o o f .  I t  i s  known t h a t  e v e r y  c l o s e d  s e l f - a d j o i n t  
s u b a l g e b r a  o f  B (H ) , w h ich  c o n t a i n s  I ,  i s  sy m m e tr ic  
( e . g . ,  s e e  [ 1 1 ;2 9 9 3 )»  h e n c e  e a c h  o f  R(H) and  L(H) i s  
s y m m e t r i c .  F o r  x  e H, d e f i n e  f x  f rom  R(H) i n t o  t h e  
com plex  numbers  by  f__(A) = ( A x , x ) .  I t  i s  e a s i l y  v e r i f i e d  
t h a t  f  i s  a  l i n e a r  f u n c t i o n a l  on R(H) and  f  (A*A) = 
(A*Ax,x) = | |Ax||2 2  0 .  I f  A /  0 ,  t h e n  t h e r e  e x i s t s  an  
x  e H s u c h  t h a t  Ax ^  0 and  h e n c e  | |A x |p  > 0 .  T h e r e f o r e ,  
t h e  f x  c o r r e s p o n d i n g  t o  x  has  t h e  p r o p e r t y  t h a t  
f  (A-*-A) > 0 and  t h u s  R(H) i s  r e d u c e d .  I t  t h e n  f o l l o w s ,  
s e e  [ 1 1 ; 2 6 0 ] ,  t h a t  R(H) i s  s e m i - s i m p l e .
Theorem 2 . 7 .  I f  H i s  an  H * - a l g e b r a ,  t h e n  J©(H) i s  a  
co m m u ta t iv e  W * -a lg e b ra  w i t h  t h e  i d e n t i t y  o p e r a t o r  a s  u n i t .
P r o o f .  By Theorem 1 . 1 ,  |S(H) i s  a c l o s e d ,  
co m m u ta t iv e  s u b a l g e b r a  o f  B (H ) . S i n c e  e a c h  o f  R(H) and
L(H) i s  a  W * -a lg e b ra  and  jg(H) = R(H) O  L ( H ) , j£(H) i s
s y m m e t r i c ,  r e d u c e d  and  s e m i - s i m p l e  s i n c e  i t  i s  a  c l o s e d  
s u b a l g e b r a  o f  B(H) c o n t a i n i n g  I  and  i s  a l s o  i s o m e t r i c  
*- a l g e b r a  i s o m o r p h ic  t o  t h e  bo u n d ed  c o n t i n u o u s  f u n c t i o n s  
on i t s  com pact  maximal i d e a l  s p a c e  ( e . g . ,  s e e  [11 ;252]) .  
T h i s  c o n c l u d e s  t h e  p r o o f  o f  t h e  th e o re m .
We w i l l  now f o c u s  o u r  a t t e n t i o n  on co m m u ta t iv e  
H * - a l g e b r a s  and  f i r s t  g i v e  a c h a r a c t e r i s a t i o n  o f  t h e  
c e n t r a l i z e r s  o f  a  com m uta t ive  H * - a l g e b r a  a s  t h e  s e t  o f  
a l l  b o u n d e d ,  ( c o n t i n u o u s ) ,  c o m p le x - v a lu e d  f u n c t i o n s  
on a d i s c r e t e  s p a c e .  F o r  e a s y  r e f e r e n c e ,  t h e  f o l l o w i n g  
d i s c u s s i o n  f rom  [ 1 0 ;1 0 6 ]  i s  i n c l u d e d .  I f  H i s  a
a  W * - a lg e b r a  w i t h  u n i t .  Note  t h a t
co m m u ta t iv e  H * - a l g e b r a ,  t h e n  H i s  t h e  d i r e c t  sum o f  i t s  
m in im a l  i d e a l s ,  N , e a c h  o f  w h ich  i s  a o n e - d i m e n s i o n a l
cl
i d e a l  c o n s i s t i n g  o f  a l l  s c a l a r  m u l t i p l e s  o f  i t  i d e n t i t y
e . The m in im a l  i d e a l s ,  N , a r e  t h e  o r t h o g o n a l  c o m p le -  a  a
m en ts  o f  t h e  maximal i d e a l s ,  M , and t h e  homomorphism
cl A
w hich  maps x  t o  $  i s  g i v e n  by £(M&) = ( x , e a ) / | | e a | |  .
S i n c e  i s  a  c o n t i n u o u s  f u n c t i o n  which  h a s  v a l u e  one 
a t  11^  and  z e ro  o t h e r w i s e ,  we know t h a t  'TK}Ij i s  d i s c r e t e .
Now, l e t  E. * {ea / | | e 0|[: e a  6 where e Q i s  any  
f i x e d  i r r e d u c i b l e  s e l f - a d j o i n t  i d e m p o t e n t .  An i d e m p o t e n t  
i s  s a i d  t o  be  i r r e d u c i b l e  i f  i t  i s  n o t  t h e  sum o f  two 
n o n - z e r o  i d e m p o t e n t s ,  x  and y ,  such  t h a t  xy  = 0 .  N o te  
t h a t  a ! l l  t h e  i r r e d u c i b l e  s e l f - a d j o i n t  i d e m p o t e n t s ,  w h ich  
a r e  t h e  i d e n t i t i e s  o f  t h e  m in im al  i d e a l s ,  have  t h e  same 
norm. We c a n  now i d e n t i f y  E w i t h  TTjjj and  i f  we g i v e  E 
t h e  d i s c r e t e  t o p o l o g y ,  t h e n  E and TT\g a r e  a l s o  t o p o l o g i c a l l y  
e q u i v a l e n t .  N o te  a l s o  t h a t  E i s  a c o m p le te  o r t h o n o r m a l  
b a s i s  f o r  H.
Theorem 2 . 8 .  L e t  H be a com m uta t ive  H * - a l g e b r a .
Then t h e r e  e x i s t s  a  *- a l g e b r a  i so m o rp h ism  w h ich  i s  a n  
i s o m e t r y  f rom  o n to  0 ( E ) ,  t h e  s e t  o f  a l l  b o u n d ed
c o m p le x - v a lu e d  f u n c t i o n s  on t h e  d i s c r e t e  s p a c e  E ,  where  
E i s  d e f i n e d  a s  i n  t h e  p r e v i o u s  d i s c u s s i o n .
P r o o f .  We w i l l  c o n s t r u c t  two mappings  w h ich  a r e  
i n v e r s e s  o f  e a c h  o t h e r  and  s u c h  t h a t  e a c h  i s  norm - 
d e c r e a s i n g .  I f  A e ^ ( H ) ,  t h e n  d e f i n e  f ^  f rom E i n t o  
t h e  com plex  numbers  by  = ( A e , e ) ,  f o r  e a c h  e e E,
an d  d e f i n e  0  f rom  ^ ( H )  i n t o  t h e  s e t  o f  f u n c t i o n s  on E
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b y  0(A) = f A . S i n c e  |fA( e ) |  = |(Ae,e) |  < | |A||0 | |e | |2  . | | a | | 0 ,
i s  a  b ounded  f u n c t i o n  f o r  e a c h  X e jS(H) and| | f jJL» =
110(A)| £  | |a| | 0 . Now, f i x  g  e C (E ) .  D e f in e  t h e  m apping Bg
on  H b y  B _(x )  = > ( x , e ) g ( e ) e  f o r  e a c h  x  e H. We w i l l
S j;
show t h a t  Bg i s  a  mapping f rom  H t o  H and  t h a t  Bg e ^ ( H ) . 
F o r  x  e H ( s i n c e  E i s  a  c o m p le te  o r th o n o rm a l  b a s i s  f o r  H) 
we have t h a t  x  = ^  ( x , e ) e  and | |x | |2 | ( x , e ) |  2 . I n
p a r t i c u l a r ,  t h e r e  e x i s t s  a c o u n t a b l e  s u b s e t  o f  E s u c h  t h a t  
( x , e )  = 0 f o r  a l l  e n o t  i n  t h e  s u b s e t .  Denote  t h i s  s u b s e t
_oo r n  U
o f  E b y  { e . } . L e t  y  = y  ( x , e .  ) g ( e .  ) e .  . I f  n > m,
1 i = l  n  ' i = l  1 i  i
n
t h e n  y  -  y  = }  ( x , e .  ) g ( e .  ) e .  and e a c h  c o e f f i c i e n t  o f
n  m  ^-*i=m+l i i i
yn  "  ym’ r e l a t i v e  t 0  E » i s  ( x , e i ) g ( e i ) .  Hence |(yn -  y j | 2 =
2 -  1k * . » i ) e ( e 1 )| 2 i  11st IE 2 .  I 2 w h ich
' i= m + l  ^-Ji=m+1
c o n v e r g e s  t o  z e ro  w i t h  m and  n .  T h e r e f o r e  (y } i s
n  n = l
Cauchy an d  s i n c e  H i s  c o m p le te  t h e r e  e x i s t s  z e H s u c h
t h a t  z = )  ( x , e ) g ( e ) e .  T h u s ,  B (x )  = z and B„ i s  a
'E 6 S
mapping f rom  H i n t o  H. Note  t h a t  i f  e , f  e E, t h e n  e =
e a / | | eoll an<  ^ ^  = e b / | | e o l l ’ w^ e r e  e a  and  eb a r e  i r r e d u c i b l e  
s e l f - a d j o i n t  i d e m p o t e n t s .  T h e r e f o r e  e f  = 0 i f  e /  f  and
e e  -  ( e a / l l 0o l P ( e a / He o l l )  =  ® a / l l e o l |2  =  e / l l e o l l '  W e  a l s o  h a v e
t h a t  xe = [ V  ( x , f ) f ] e  = y  ( x , f ) f e  = ( x , e ) e / | | e  II, 
^ - • fe E  Z j f eE  011
Now, i f  x , y  e H, t h e n  x(B y)  = x [  V  ( y , e ) g ( e ) e ]  =
O €mmmJ
^ E( y i © ) g ( e ) x e  = E ( y , e ) g ( e ) ( x , e ) e / j | e 0 | |  and  (Bgx ) y  =
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[ Y  ( x , e ) g ( e ) e ] y  = Y  ( x , e ) g ( e ) e y  = 
e  t - ' E
^ T ^ ( x , e ) g ( e ) ( y , e ) e / | | e 0| | .  T h e r e f o r e  xCB^y) = (Bgx ) y  and
Bg 6 D e f in e  0 f rom  C(E) i n t o  j £ ( H) by  0 ( g )  » 3 g .
N o te  t h a t  ||e (s) ||0 -  | |Bg| | j  = sup{ | |Bgx | | :  x  e H,| |x | |=  1 )  and
I M P  = X E l ( x , e ) s ( e ) l 2  -  lle l 0 l x I P * s o  t h a t  lle ( 8 ) llo ^
glL* w i l l  now show t h a t  0  and  0 a r e  i n v e r s e s  F o r  a
f i x e d  g e C ( E ) , ( 0 6 ) ( g )  = 0 ( 0 ( g ) )  = 0 ( B )  = f fl . I f
B g
e e E, then f B ( e )  = (B e , e )  = ( Y  ( e , f ) g ( f ) f , e )  =
Bg 8 ^ f e E
( ( e , e ) g ( e ) e , e )  * g ( e ) .  Hence ( 0 0 ) ( g )  = g .  A l s o ,  f o r  a
‘ f i x e d  A s  J Z ( H ) ,  ( 0 0 ) (A) = 0 ( 0 (A ) )  = 0 ( f A) = Bf  . Note
A
t h a t  ( A e , f )  -  (A ( | | e 0| | e e )  , f )  = | | e 0| | ( ( A e ) e , f )  =
lleollCAe , f e )  = 0 f o r  e /  f ,  T h e r e f o r e  Bf  (x )  =
A
Z ( x , e ) f A( e ) e  = \  ( x , e ) ( A e , e ) e  and  A(x) =E * <—> E
Y  (A x,e )e  = Y  ( A [ Y  ( x , f ) f ] , e ) e  =
*E 4—1 eeE 1 f  eE
Y  ( Y  ( x , f ) A f , e ) e  = Y  Y  ( x , f ) ( A f , e ) e  =
»eeE t —1»feE eeE »f  eE
E ( x , e ) ( A e , e ) e .  Hence B« = A and  (0 0 ) (A )  = A. I t  E A
now f o l l o w s  t h a t  e a c h  o f  0 and 0 i s  o n e - t o - o n e  o n to  t h e i r
r e s p e c t i v e  s p a c e s .  S i n c e  b o t h  a r e  n o r m - d e c r e a s i n g ,  we
have  t h a t  11A| |Q = | | (00)(A ) | |O <. | |0 (A ) | |OO (  | | a | | 0 and  t h u s  0
( a n d  s i m i l a r l y  0)  i s  a n  i s o m e t r y .  We w i l l  now show t h a t
0 i s  an  a l g e b r a  i s o m o rp h is m  and  t h a t  0(A*) = 0(A.) ( t h e
n a t u r a l  i n v o l u t i o n  f o r  c o n t i n u o u s  f u n c t i o n s ) .  F i r s t ,
f o r  A,B e j^ (H ) ,  e e E and  a  an d  b com plex  nu m b ers ,  we
h av e  0(aA  + b B ) ( e )  = ( (a A  + b B ) ( e ) , e )  = a ( A e , e ) + b(Be»©) =
[a0(A )  + b 0 ( B ) ] ( e )  and  h en c e  0  i s  l i n e a r .  Second ,# w
0 (A B )(e )  = ( ( A B ) e , e )  = ( A ( B e ) , e )  = (A[B(| ( e j  | e e )D ,e )  = 
| | e 0| |(AC(Be ) e ]  , e )  = | | e o| | ( ( B e )  (Ae) , e )  . But  Be =
Z ( B e , f ) f  = ( B e , e ) e ,  s i n c e  ( B e , f )  = 0 f o r  e £  f .ET h e r e f o r e  0 (A B )(e )  = | | e o | | ( ( B e , e ) e A e , e )  = | | e o| | ( B e , e ) ( A ( e e ) , 
= ( A(| |eQ| | e e ) , e ) ( B e , e )  = ( A e , e ) ( B e , e )  = [ 0 ( A ) 0 ( B ) ] ( e )  and 
h ence  0 i s  an  a l g e b r a  i s o m o rp h is m .  F u r t h e r ,  0 (J¥ )(e)  = 
(A * e ,e )  = ( e ,A e )  = ( lAe,e)  = 0 ( A ) ( e j , w h ich  c o m p le te s  t h e  
p r o o f .
N o t i c e  t h a t  a  somewhat s h o r t e r  p r o o f  can  be  g iv e n  
f o r  Theorem 2 . 8  b y  u s i n g  Theorem 1 . 2 .  The p r e c e e d i n g  
p r o o f  was c h r o n o l o g i c a l l y  o u r  f i r s t  and  was made w i t h o u t  
knowledge o f  Theorem 1 . 2 .  We w i l l  i n c l u d e  h e r e  t h e  
a l t e r n a t e  p r o o f  u s i n g  Theorem 1 . 2 .
A l t e r n a t e  p r o o f  o f  Theorem 2 . 8 .  By Theorem 1 . 2 ,  
t h e r e  i s  a  m apping f rom  ^ ( H )  o n to  M(H), a  s u b s e t  o f  
C C ^ ) .  By i d e n t i f y i n g  >T]h w i t h  E, we have M(H) a s  a 
s u b s e t  o f  C (E ) .  The c o r r e s p o n d e n c e  b e tw e en  and  E 
g i v e s  t h e  G e l f a n d  t r a n s f o r m  t h e  fo rm  x ( e )  = ( x , e ) / | | e 0| | ,  
s i n c e  e e E h a s  p r e v i o u s l y  b e e n  n o r m a l i z e d .  N o t i c e  t h a t  
t h e  d e f i n i n g  e q u a t i o n  f o r  t h e  Wang mapping was 
0(A)(h)5c(h)  = X x ( h ) ,  f o r  a l l  x  e H and  h e S in c e
E Cl H, we have  t h a t  0 ( A ) ( e ) e ( e )  = A e(e )  which  i m p l i e s  
t h a t  0 ( A ) ( e ) ( e , e ) / | | e o || = (Ae»e ) / | | e 0||  and hence  0 ( A ) ( e )  = 
( A e , e ) .  T h e r e f o r e  t h e  Wang mapping i s  t h e  same a s  th e  
mapping c o n s t r u c t e d  i n  t h e  p r e v i o u s  p r o o f .  Now, l e t
g e C ( E ) . Then ,  j u s t  a s  b e f o r e ,  f o r  x  e H, z =
> ( x , e ) g ( e ) e  i s  a n  e l e m e n t  o f  H. We w i l l  now show 
£-j E
t h a t  g e M(H). I f  x  e H, t h e n  g ( e ) $ ( e )  = g ( e ) ( x , e } / | | e 0| |
and  &(e) = ( x , e ) g ( e ) / | | e Q| | .  T h e r e f o r e  g ( e ) x ( e )  = z ( e )
and  t h u s  gfi d  H, so  t h a t  g e M(H). The mapping c l e a r l y
t a k e s  A* i n t o  t h e  c o n j u g a t e  o f  t h e  image o f  A and  t h u s
t h e  o n ly  t h i n g  r e m a i n i n g  i s  t o  p ro v e  t h a t  t h e  Wang
mapping 0 i s  an  i s o m e t r y .  Theorem 1 . 2  g i v e s  u s  t h a t
| | 0 ( A)||oo L  | |A||o- F o r  A e ]S(H ),  we have t h a t  ( A e , f )  = 0
f o r  e ^ f  and ( A x ,e )  = (AC V  ( x , f ) f ] , e )  =
^ - j fe E
V* ( x , f ) ( A f , e )  = ( x , e ) ( A e , e ) .  T h e r e f o r e  | |ax | ^
f e E
| | ^ B(Ax ,e )e ||2 = £ j ( A x , e ) | 2 = £  J ( x , e ) |  2 | (A e ,e ) | 2
< | |0 ( A ) | |£ | |x |p  an d  h e n c e  | | a | | 0 i  J |0(A)|j,„, so  t h a t  0 i s  a n  
i s o m e t r y .  T h i s  c o m p le t e s  t h e  a l t e r n a t e  p r o o f  o f  t h e  
th e o re m .
We w i l l  now u s e  t h e  m apping  o f  Theorem 2 . 8 . t o  
c h a r a c t e r i z e  t h e  com pact  o p e r a t o r s  i n  ^ ( H ) , where H i s  
a g a i n  a  com m uta t ive  H * - a l g e b r a .  The p r o o f  w i l l  u se  t h e  
f o l l o w i n g  i m p o r t a n t  lemma w h ich  g i v e s  a  n e c e s s a r y  and 
s u f f i c i e n t  c o n d i t i o n  f o r  a  p r o j e c t i o n  o p e r a t o r  t o  be  i n  
£ ( H ) .
Lemma 2 . 9 . 1 .  L e t  H be  a  com m u ta t iv e  H * - a l g e b r a  an d
P a  p r o j e c t i o n  o p e r a t o r  on H. Then P e )S(H) i f  and
o n ly  i f  t h e  f o l l o w i n g  t h r e e  c o n d i t i o n s  a r e  s a t i s f i e d :
a ) .  H = where 1^  i s  an  i d e a l  and  I 2 i s
a  s u b a l g e b r a  o f  H w i t h  P = PT ( h e r e  PT i s
2 2
the p r o je c t io n  onto Ig  and ©  denotes d irec t  
sum i n  the  H ilb er t  space s e n s e ) .
b ) .  i s  o r t h o g o n a l  t o  I 2 »
c ) .  =
P r o o f .  F i r s t ,  assume t h a t  P e )£ (H ) , l e t  I 2 = P (H ) ,  
and  l e t  1.^ be  t h e  o r t h o g o n a l  complement o f  I 2 i n  H. By 
t h e  d e f i n i t i o n  o f  1 ^  and  I 2 , b)  i s  s a t i s f i e d .  L e t  x  e 1^ 
and  y  s H. Then P ( x y )  = ( P x ) y  and  s i n c e  x  i s  i n  th e  
o r t h o g o n a l  com plem ent o f  t h e  r a n g e  o f  P ,  Px = 0 .  Hence, 
P (x y )  = 0 ,  xy  e 1^ an d  1 ^  i s  an i d e a l  o f  H. F u r th e r m o r e ,  
i f  x , y  e I 2 , t h e n  P x  =. x  and  P (x y )  = (P x )y  = xy which 
i m p l i e s  t h a t  x y  e I 2 » Hence I 2 i s  a  s u b a l g e b r a  o f  H a n d  
we have  a )  s a t i s f i e d .  I f  x  e 1^ an d  y  e I 2 , t h e n  xy = 
x (P y )  = P (x y )  = 0 s i n c e  x  e 1^  ( a n  i d e a l )  and  P i s  th e  
p r o j e c t i o n  o n to  i t s  o r t h o g o n a l  com plem ent .  Thus I - j I 2 =
( 0 )  and  c )  i s  s a t i s f i e d .  C o n v e r s e l y ,  s u p p o se  t h a t  the  
c o n d i t i o n s  a ) , b ) , an d  c )  a r e  s a t i s f i e d  f o r  t h e  p r o j e c t i o n  
o p e r a t o r  P .  L e t  x , y  s  H. S i n c e  H = 1^ © I 2 , x = x 1 + x 2
and  y  = y-j^  + y 2 w here  x 1 , y 1 e I 1 and  x 2 , y 2 e I 2 . S in ce
P = PI 2 * P x  = P ^x l  + x 2^ = x 2 and Py = P ^y l  + y 2^ = y 2*
C o n d i t i o n  c )  i m p l i e s  t h a t  x2y ^  = 0 = y2x ^ .  Hence x (Py )  =
_(x1 + x 2 ) y 2 = x 2y 2 , ( P x ) y  = x 2 ( y 1 + y 2 ) = x 2y 2 and  x (Py )  =
I t  now seems a p p r o p r i a t e  t o  i n t r o d u c e  some n o t a t i o n  
t o  be  u s e d  i n  t h e  f o l l o w i n g  work .  By I q (H ) ,  we w i l l  
d e n o t e  t h e  s e t  o f  a l l  com pact  o p e r a t o r s  on H. We .w i l l  
d e n o t e  by CQ(X) and C^CX), r e s p e c t i v e l y ,  t h e  subspaCes o f
( P x ) y .  T h e r e f o r e  we have  P e c o n c l u d i n g  t h e  p r o o f .
C(X) w hich  a r e  t h e  f u n c t i o n s  w i t h  com pact  s u p p o r t  an d  t h e
f u n c t i o n s  w h ich  v a n i s h  a t  °°. L e t  J J ^ H )  = 0“ 1 (CO()( E ) )  and
^qCH ) *  0 ” ^ (C o ( E ) ) ,  where  0  i s  th e  m apping  from  (H)
o n to  M(H) o f  Theorem 2 . 8 .
Theorem 2 . 9 .  L e t  H h e  a com m uta t ive  H * - a l g e b r a .
Then ^ ^ ( H )  = ^ ( H ) ,  t h e  s p a c e  o f  a l l  com pact
c e n t r a l i z e r s  on H.
P r o o f .  I f  A e  j o Q( H ) , t h e n  0(A) e  CQ(E) and  s i n c e
E i s  d i s c r e t e  we h a v e  t h a t  0(A) i s  f i n i t e l y  n o n - z e r o  on
E. L e t  {e. }n  he  t h e  s e t  o f  p o i n t s  e i n  E s u c h  t h a t  
1 i = l
0 ( A ) ( e )  4  0 .  Then ,  f o r  x  s  H, Ax = ( A x ,e ) e  =
E
( x , e ) ( A e , e ) e  ( s e e  f o r  exam ple  a l t e r n a t e  p r o o f  o f
E
r -—i n
Theorem 2 . 8 ) .  Hence Ax = \  ( x , e . ) ( A e . , e . ) e .  andi= 1  l  i l l
r~i n
t h e r e f o r e  A(H) C  )  ©  N. , where e. e N. , a  m in im al
/ - . i  i - i  1 1 1
i d e a l  o f  H. S i n c e  e a c h  i s  o n e - d i m e n s i o n a l ,  we hav e  
t h a t  t h e  r a n g e  o f  A i s  f i n i t e  d im e n s io n a l  and hence  
A e I q (H ) .  T h e r e f o r e  j g Q ( H) C  I Q(H) / ° \  £ ( H )  and s i n c e  
ea c h  o f  I Q(H) and  )©(H) i s  c l o s e d  r e l a t i v e  t o  t h e  
o p e r a t o r  norm, we hav e  t h a t  t h e  o p e r a t o r  norm c l o s u r e  
o f  )?0 (H) i a  c o n t a i n e d  i n  I 0 (H) O  H ) .  S in c e  C0 (E)  
i s  supremum norm d e n s e  i n  ^ ( E )  and  0  i s  an  i s o m e t r y  we 
s e e  t h a t  )^0 ( H) i s  o p e r a t o r  norm d en se  i n  ^ ( H ) , and  
# * ( H )  d  ! 0 ( H) O  )©(H)» I t  i s  known, ( c f .  [ 1 1 ; 2 5 0 ] ) ,  
t h a t  a  hounded  s e l f - a d j o i n t  o p e r a t o r  A i s  compact i f  and
a^P^  where  t h e  P^ a r eo n ly  i f  i t  h a s  t h e  fo rm  A = ^
m u t u a l l y  o r t h o g o n a l  p r o j e c t i o n  o p e r a t o r s  o n to  f i n i t e  
d i m e n s i o n a l  s u b s p a c e s  and  a ^  i s  a s e q u e n c e  o f  r e a l  
num bers  w h ic h  t e n d  t o  z e ro  a s  k  a p p r o a c h e s  00. I t  s h o u l d  
a l s o  b e  n o t e d  t h a t  P^  = where P ( a )  i s  t h e  o p e r a t o r -
v a l u e d  f u n c t i o n  o b t a i n e d  f rom  th e  S p e c t r a l  Theorem. I t
i s  a l s o  known, [ 1 1 ; 4 4 8 ] ,  t h a t  i f  A i s  a bounded  s e l f -
a d j o i n t  o p e r a t o r  w i t h  s p e c t r a l  f u n c t i o n  P ( a ) ,  t h e n  A i s
i n  a  W * - a l g e b r a  M i f  and  o n l y  i f  a l l  t h e  o p e r a t o r s  P ( a )
f o r  a  < 0 and  I  -  P ( a )  f o r  a  _> 0 b e l o n g  t o  M. U s in g
t h e s e  f a c t s ,  we w i l l  now p r o v e  t h e  o t h e r  c o n t a in m e n t  o f
t h e  t h e o r e m .  L e t  A e I Q(H) C \  'jJ(H) , B = (A + A * ) / 2  an d
C = (A -  A * ) / 2 i .  Then ,  s i n c e  A e I q (H) r \  )£(H) , i t
f o l l o w s  t h a t  B,C e I q (H) r \  ) g (H ) , B = B* and C = C*.
Hence B i s  a  bounded  s e l f - a d j o i n t  o p e r a t o r  w h ich  b e l o n g s
t o  t h e  W * -a lg e b ra  By t h e  rem ark  a b o v e ,  P ( a )  e H)
f o r  a  < 0 a n d  I  -  P ( a )  e ^ ( H )  f o r  a  }  0 where P ( a )  i s
t h e  s p e c t r a l  f u n c t i o n  o f  B. A l s o ,  s i n c e  I  e ) o (H ) ,  we
have  t h a t  I  -  ( I  -  P ( a ) )  = P ( a )  e ^o(H) f o r  a |  0 an d  t h u s
P ( a )  e ^ ( H )  f o r  a l l  a r e a l .  F u r t h e r ,  B e i m p l i e s
00 .
t h a t  B = 2 ^  a k^k  w^ e r e  = » e a ch  P^ i s  a
k=1
p r o j e c t i o n  o n to  a f i n i t e  d im e n s io n a l  s u b s p a c e ,  and
on E ,  w h ich  maps e t o  ( P ^ e ^ ) ,  i s  f i n i t e l y  n o n - z e r o  f o r  
e a c h  k .  L e t  e e E s u c h  t h a t  P^e /  0 .  By Lemma 2 . 9 . 1 ,
a^ —>• 0 a s  k—►°°. H ence ,  we have t h a t
where  P ^  e ^ ( H ) .  We w i l l  now show t h a t  t h e  f u n c t i o n
we know t h a t  H = I ,  © I 9 where P
o r t h o g o n a l ,  1^  i s  an  i d e a l  and  1 ^  i s  a s u b a l g e b r a .
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S i n c e  e e E d  H, t h e r e  e x i s t s  e^ e 1^  and  eg e I g  s u c h  
t h a t  e = e-  ^ + e g .  S i n c e  e e E ,  t h e r e  i s  an  i r r e d u c i b l e  
s e l f - a d j o i n t  i d e m p o t e n t ,  f ,  s u c h  t h a t  e = f / | | e 0 | | .  
T h e r e f o r e ,  | | e 0 | | ( e 1 + e 2 ) = | |e 0| | e = f  = f f  =
||e 0 | | 2 ( e i  + e 2 ^ e l  + e 2^ = lle ol|2 ( e l e l  + e 2 e 2^ * S i n c e  
e l e l  6 * 1  an(* e 2 e 2 e *2* we 'MLVe i 'k a t  = | | e olle i e l  an<* 
e2 = lle olte 2 e 2* f o l l o w s  t h a t  e 1 and  eg  a r e  s e l f - a d j o i n t  
and t h u s  j |e 0| an<* | | e 0 l l e 2  a r e  i d e m p o t e n t s
and  ( | | e 0 | | e 1 ) ( | | e 0| | e 2 ) = 0 .  However,  f  = U e J ^  + | | e 0| | e 2 
and s i n c e  f  i s  i r r e d u c i b l e ,  | | e 0| | e i  = 0 o r  | | e0||e2 55 0 and  
t h e r e f o r e  e^  = 0 o r  eg  = 0 .  I t  was assum ed t h a t  P^e /  0 .
and P-^e = e g ,  so  t h a t  e^ = 0 .  T h e r e f o r e  e = eg e I g  and
{e e E : P ^ e  /  0} d  ^ ( H )  w h ich  i s  f i n i t e  d i m e n s i o n a l .  
T h e r e f o r e  P^e  i s  f i n i t e l y  n o n - z e r o  and  hence  0 (P k ) ( e )  = 
(Pjj.e,e') i s  f i n i t e l y  n o n - z e r o .  T h is  g i v e s  u s  t h a t  
0 (P k ) e C0 (E) o r  t h a t  P^  e j £ 0 (H) f o r  e a c h  k .  Hence B =
^~’°° i s  an  e l e m e n t  o f  t h e  o p e r a t o r  c l o s u r e  o f  j£Q(H)
w hich  i s  j ^ C H ) .  A s i m i l a r  a rgum en t  shows t h a t  C i s  a l s o  
a  member o f  j£w(H ) .  S i n c e  C^CE) i s  a s u b a l g e b r a  o f  C(E) 
and 0  i s  a n  i s o m o rp h is m ,  we h av e  t h a t  A = B + iC e ^ W( H ) . 
T h e r e f o r e  I Q(H) n  C  )&,(H) and  ^ ( H )  = I Q( H ) n  JS(H).
T h is  c o n c l u d e s  t h e  th e o re m .
I t  was n o t e d  i n  t h e  p r o o f  o f  C o r o l l a r y  2 . 4 . 1  t h a t  
<^(H) i s  b o t h  weak and  s t r o n g  o p e r a t o r  d en s e  i n  R (H ) . I n  
t h e  c a s e  t h a t  H i s  co m m u ta t iv e ,  i t  i s  e a s y  t o  s e e  t h a t  
t h e  o p e r a t o r  norm c l o s u r e  o f  o£(H) i s  p r o p e r l y  c o n t a i n e d  
i n  R(H) = p£(H) i f  H i s  n o t  f i n i t e  d i m e n s i o n a l .  I t  i s
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o n l y  n e c e s s a r y  t o  n o t i c e  t h a t  t h e  m app ing ,  0 ,  o f  Theorem 
2 . 8  r e s t r i c t e d  t o  ^f(H) y i e l d s  t h e  G e l f a n d  t r a n s f o r m .
A l s o ,  f o r  x  e H, t h e  G e l f a n d  t r a n s f o r m ,  $ ,  i s  a  member 
o f  C^CE). S in c e  C ^ E )  i s  supremum norm c l o s e d  i n  C ( E ) ,  
we h av e  t h a t  t h e  supremum norm c l o s u r e  o f  0 ( o £ ( H ) )  i s  a  
s u b s e t  o f  C^CE) w h ich  i s  p r o p e r l y  c o n t a i n e d  i n  C(E) u n l e s s  
E i s  f i n i t e .  By t r a c i n g  b a c k  to  ^ ( H )  an  e l e m e n t  o f  
C(E) w h ich  i s  n o t  i n  C^CE), we c a n  o b t a i n  a c e n t r a l i z e r  
w h ich  i s  n o t  i n  t h e  o p e r a t o r  norm c l o s u r e  o f  ^ ( H )  and  so 
c o n c lu d e  t h a t  t h e  o p e r a t o r  norm c l o s u r e  o f  o£(H) i s  
p r o p e r l y  c o n t a i n e d  i n  ^ ( H )  w henever  E i s  n o t  f i n i t e  ( o r  
e q u i v a l e n t l y ,  w henever  H i s  n o t  f i n i t e  d i m e n s i o n a l ) .
We w i l l  now d i r e c t  o u r  a t t e n t i o n  t o  a p a r t i c u l a r
o
c o m m u ta t iv e  H * - a l g e b r a ,  nam ely  L ( G ) , t h e  s p a c e  o f
s q u a r e - i n t e g r a b l e  f u n c t i o n s  o v e r  a  compact  a b e l i a n
t o p o l o g i c a l  g ro u p  G. I f  we g iv e  L2 (G) t h e  norm, | | f|(2 =
C /  | f ( x ) | 2 d x ) 1 / 2 , where  dx i s  H aar  m easure  on G, n o r m a l i z e d
o
i n  s u c h  a  way t h a t  t h e  m easu re  o f  G i s  u n i t y ,  t h e n  L (G) 
i s  a  B anach  s p a c e .  D e f in e  c o n v o l u t i o n  b e tw e e n  two 
f u n c t i o n s  b y  ( f » g ) ( x * f  = ( x  -  y ) g ( y ) d y  and i n v o l u t i o n  
b y  f * ( x )  = f  ( - x ) . U nder  t h e s e  d e f i n i t i o n s ,  L2 (G) i s  a  
co m m u ta t iv e  H * - a l g e b r a  w i th ,  r e g u l a r  maximal i d e a l  s p a c e  
ft, t h e  g r o u p  o f  c o n t i n u o u s  c h a r a c t e r s  on G ( o f .  [ 1 0 ; 1 5 6 ] ) .  
Denote  b y  M(G), t h e  s p a c e  o f  a l l  c o m p le x - v a lu e d  r e g u l a r  
B o r e l  m e a s u r e s  on G. F o r  yu , X e M(G) and B a  B o r e l  
s e t  i n  G, d e f i n e  ( y U * X ) ( B )  = ( ^ t x X ) ( B( 2 ) )  where  B ^  = 
{ ( x , y )  e G x G : x  + y e B )  ( s e e  R udin  [ 1 4 ; 1 3 ] ) .  W i th  
t o t a l  v a r i a t i o n  f o r  norm and  c o n v o l u t i o n  as  d e f i n e d  a b o v e ,
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M(G) i s  a  co m m u ta t iv e  Banach a l g e b r a  w i t h  u n i t *  [ 1 4 ; 1 4 0 .
o
I t  i s  p o s s i b l e  t o  imbed L (G) i n  M(G) by  c o r r e s p o n d i n g
f  t o  where  j u £ ( B) = J '  f  (x )  d x  . Under  t h i s  
o
im b e d d in g  L (G) becomes an  i d e a l  o f  M(G) and m u l t i p l i c a t i o n  
i s  ( yU • f )  ( x )  = J ' f  ( x  -  y )dyU (y)  f o r  JUL e M(G) and  f  e L2 (G) . 
Hence we c a n  r e g a r d  t h e  m easu re  j j l  i n  M(G) a s  an  o p e r a t o r  
on L2 (G) b y . L y u ( f )  = J J - * f .  I t  i s  c l e a r  t h a t  i f  J J L  e M(G) , 
t h e n  L j j i  e ^ ( L  ( G ) ) .  N o t i c e  t h a t  t h e  m apping ,  0 ,  o f  
Theorem 2 . 8  r e s t r i c t e d  t o  Lyu i s  s im p ly  t h e  F o u r i e r -  
S t i e l t j e s  t r a n s f o r m ,  yu , d e f i n e d  by j u t ( ^ )  = J *  X (x )dyu .(x )  
f o r  e a c h  I  e G, t h e  g ro u p  o f  c h a r a c t e r s  o f  G :  0 ( L y u ) ( } D  = 
( I y u (  X ) , ) = C / A ' I S  » y  ) = f ( / JL* V ) ( x )  Y ( x ) d x  =
/ /  y  ( x  -  y )  t f ( x ) d y u ( y ) d x  = f  Y ( - y ) d ^ l ( y )  = y U ( t f ) .
I n  o u r  p r e v i o u s  d i s c u s s i o n  o f  H * - a l g e b r a s ,  we saw 
t h a t  t h e  o p e r a t o r  norm c l o s u r e  o f  5f(H) i s  p r o p e r l y  
c o n t a i n e d  i n  )©(H). I t  seems a p p r o p r i a t e  t o  a s k  t h e  same 
q u e s t i o n  c o n c e r n i n g  t h e  l e f t  m u l t i p l i c a t i o n  o p e r a t o r s  
d e f i n e d  b y  members o f  M(G). The q u e s t i o n  i s  a n s w e re d  b y  
t h e  f o l l o w i n g  th e o re m .
Theorem 2 . 1 0 .  I f  G i s  a compact  a b e l i a n  t o p o l o g i c a l  
g ro u p  s u c h  t h a t  $  h as  an  e l e m e n t  o f  i n f i n i t e  o r d e r ,  t h e n  
t h e  o p e r a t o r  norm c l o s u r e  o f  t h e  s e t  o f  o p e r a t o r s  d e f i n e d  
by  l e f t  m u l t i p l i c a t i o n  b y  members o f  M(G) i s  p r o p e r l y  
c o n t a i n e d  i n  )©(L2 ( G ) ) .
A
P r o o f .  By o u r  p r e v i o u s  d i s c u s s i o n ,  0 ( L j u )  = and  
h en c e  we may f o c u s  o u r  a t t e n t i o n  on M(G) = { p .  : J U s  M(G)}. 
L e t  d e n o t e  an  e l e m e n t  o f  $  o f  i n f i n i t e  o r d e r .  D e f in e
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t h e  f u n c t i o n  h f rom  tx i n t o  t h e  complex numbers  by
h (K  ) = 1 ,  i f  f o r  some n >. 0o
0 ,  o t h e r w i s e
D eno te  by  W(£) t h e  s p a c e  o f  w eak ly  a lm o s t  p e r i o d i c
f u n c t i o n s  on i . e . ,  W(&) = {f  e C(S) : t h e  weak
c l o s u r e  o f  0 ( f )  i s  w eak ly  c o m p a c t ) ,  where 0 ( f )  =
{ f  ^ : Y e $ }  and  f ^ ( Y ' )  = f (  $ '  ) .  I t  i s  known t h a t
W(G) i s  a supremum norm c l o s e d  su b sp a ce  o f  C ( & ) ( c f . [ 2 ] )
an d  i t  h a s  b e e n  shown i n  [3]  t h a t  M(G) C Z  W(&).  S in c e
t h e  f u n c t i o n  h ,  d e f i n e d  a b o v e ,  i s  c l e a r l y  an  e l e m e n t  o f
M (L ^(G ))  = C(tj) , i t  w i l l  s u f f i c e  t o  show t h a t  i t  i s  n o t
i n  W (£) .  I n  o r d e r  t o  do t h i s ,  we r e c a l l  t h a t  a  n e c e s s a r y
and  s u f f i c i e n t  c o n d i t i o n  t h a t  a  f u n c t i o n  f  be  i n  W(&) i s
t h a t  i f  }°° and  { a r e  s e q u e n c e s  i n  £  su c h
1 i = l  V j = l
t h a t  l i m  l im  f  ( o ' .  <V.) and l i m  l im  f ( 6 ”  ^ 't'.?) "both
j_ *■ oo J —►oo 1  J  J — ► oo i —► os 1  d
e x i s t ,  t h e n  t h e  two i t e r a t e d  l i m i t s  must be  t h e  same 
( C 5 ;1 8 3 3 ) .  Now, l e t  6 ^  = X© ^ o r  ^ = a n ^
l e t  f o r  = I » 2 ,3 » * * * .  Then
l i m  l im  h (G \ ,  t O  = 0  and l i m  l im  h(G". '£ ' , )  = 1j_— >00 j  ► ao 1 d j —>-oo 2. d
and  t h u s  h  0  W(fx). S i n c e  Yl(tj) i s  supremum norm c l o s e d
i n  C(& ) ,  we have  t h a t  h  i s  n o t  i n  t h e  supremum norm
c l o s u r e  o f  M("(x). Hence 0 ” ^h i s  n o t  an e l e m e n t  o f  t h e
o p e r a t o r  norm c l o s u r e  o f  th e  l e f t  m u l t i p l i c a t i o n  o p e r a t o r s
d e f i n e d  by  M(G). T h is  c o m p le t e s  t h e  p r o o f  o f  t h e  th e o re m .
o
I t  seems n a t u r a l  t o  a s k  i n  what s e n s e  does  L (G) 
d e t e r m i n e  t h e  g ro u p  G. F o r  ex a m p le ,  i t  i s  known, [14*,92],
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t h a t  i f  t h e r e  i s  an  i som orph ism  from L^(G) o n t o  L^(H) 
w i t h  norm l e s s  t h a n  o r  e q u a l  t o  o n e ,  t h e n  G a n d  H a r e
p
i s o m o r p h i c .  The s p a c e  L (G) i s  n o t  a s  c l o s e l y  r e l a t e d  
t o  t h e  g ro u p  s t r u c t u r e  o f  G, a s  i n d i c a t e d  b y  t h e  f o l l o w i n g  
ex a m p le .
Example 2 . 1 .  L e t  G be  t h e  K l e i n  4 - g r o u p  and  H be  
t h e  c y c l i c  g ro u p  on f o u r  e l e m e n t s ,  e a c h  endowed w i t h
t h e  d i s c r e t e  t o p o l o g y .  Then,  G and H a r e  n o t  i s o m o r p h ic
2 2 b u t  L (G) i s  i s o m e t r i c  *- a l g e b r a  i s o m o r p h ic  t o  L ( H ) .
P r o o f .  We f i r s t  g iv e  t h e  m u l t i p l i c a t i o n  t a b l e s
f o r  G and H.
0 1 2 3 0 1 2 3
0 0 1 2 3 0 0 l 2 3
G: 1 1 0 3 2 H: 1 1 2 3 0
2 2 3 0 1 2 2 3 0 1
3 3 2 1 0 3 3 0 1 2
A m e a su re  ^  e M(G) o r  M(H) ca n  b e  r e g a r d e d  a s  jJ * . = 
( a , b , c , d ) ,  where  a ,  b ,  c and d a r e  com plex  nu m b ers .  T h a t  
i s ,  t h e  m e asu re  ^U. i s  d e t e r m in e d  b y  a t t a c h i n g  w e i g h t s  a ,  
b ,  c and  d t o  t h e  p o i n t s  0 ,  1 ,  2 ,  and 3 r e s p e c t i v e l y .  
C o n v o l u t i o n  i n  M(G) and  M(H), r e s p e c t i v e l y ,  i s  e a s i l y  s e e n  
t o  be  ( a , b , c , d X x , y , z , w )  = ( a x  + by  + cz  + dw,
ay  + b x  + cw + d z ,  a z  + bw + cx  + dy ,  aw + bz  + cy  + dx)
and  ( a , b , c , d ) o ( x , y , z , w )  = ( a x  + bw + c z  + dy ,
ay  + b x  + cw + d z ,  a z  + by + cx + dw, aw + b z  + cy + d x ) .
I n v o l u t i o n  i n  L^(G) i s  d e f i n e d  by  ( a , b , c , d ) *  = ( a , b , c , d )  
an d  i n  L^(H) b y  ( a , b , c , d ) *  = ( a , d , c , b ) . The L^-norm  i n
e a c h  c a s e  h a s  t h e  fo rm  | | ( a , b , c , d )
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2 ^ a | 2 + | b | 2 + | c | 2+ |d.|2 . N o t i c e  t h a t  L2 (G) * M(G)
2 ■ and  L (H) = M(H) and t h e  t o t a l  v a r i a t i o n  norm i n  e a c h  o f
M(G) and  M(H) i s  | | ( a , b , c , d ) | |  = |a |  + |b |  + |c |  + | d | .
o
C o n s i d e r  t h e  f o l l o w i n g  m apping ,  0 ,  f rom  L (G) i n t o  
L2 (H) f o r  ( a , b , c , d )  e L2 ( G ) , l e t  0 ( a , b , c , d )  =
( a >  ( C  <  d )  *  ( c  -  d ) l t b >  ( c  +  d )  +  ( d  -  0 ) 1 ^  T h e n
0 i s  c l e a r l y  l i n e a r  and  p r e s e r v e s  t h e  i n v o l u t i o n .  A 
s t r a i g h t f o r w a r d  v e r i f i c a t i o n ,  w hich  i s  q u i t e  l e n g t h y  
( a n d  t h u s  w i l l  b e  o m i t t e d ) , w i l l  show t h a t  0 i s  a 
homomorphism. The p r o o f  t h a t  0 i s  an  i s o m e t r y  depends  
o n l y  on t h e  f a c t  t h a t  j x  -  y | 2 + j x  + y | 2 = 2 ( | x ( 2 + | y |  2 )
f o r  x  and  y  com plex  num bers .  H ence ,  i t  f o l l o w s  t h a t
2 2L (G) and  L (H) a r e  i s o m e t r i c  *- a l g e b r a  i s o m o r p h i c  w h i le
G and  H a r e  n o t  i s o m o r p h ic .
T h i s  example and t h e  p r o o f  o f  Theorem 2 . 8  p r o v i d e  t h e  
m o t i v a t i o n  and  method o f  p r o o f  f o r  t h e  f o l l o w i n g  th e o re m .
Theorem 2 . 1 1 .  L e t  and  Hg b e  com m uta t ive  
H * - a l g e b r a s .  Then t h e r e  i s  a m apping ,  0 ,  f rom  o n to  H2 
w h ich  i s  a  * - a l g e b r a  i so m o rp h ism  and  a t o p o l o g i c a l  
mapping  i f  and o n ly  i f  t h e r e  i s  a o n e - t o - o n e  c o r r e s p o n d e n c e  
b e tw e e n  E^ and  Eg ( i . e .  i f  and  o n ly  i f  and Hg have 
t h e  same d im e n s io n ,  a s  H i l b e r t  spaces).
P r o o f .  We w i l l  t a k e  E^,  i  = 1 , 2 ,  a s  t h e  s e t  o f  
i r r e d u c i b l e  ( n o n - n o r m a l i z e d )  s e l f - a d j o i n t  i d e m p o t e n t s ,  
i n  c o n t r a s t  t o  t h e  n o r m a l i z a t i o n  em ployed  i n  Theorem 2 . 8 .  
Denote  t h e  e l e m e n t s  o f  E^ by  e & and t h e  e l e m e n t s  o f  Eg 
by  f-^. L e t  E^ and  Eg be  i n  o n e - t o - o n e  c o r r e s p o n d e n c e
5 6
and  d e n o t e  t h e  e l e m e n t  o f  Eg c o r r e s p o n d i n g  t o  e a  e 
b y  f 0 . We can  assume t h a t  t h e y  b o t h  have  t h e  same s e tol
o f  i n d i c e s .  Now, f o r  x  e .H ^ ,  we hav e  t h a t  x  =
V I K I I 2 * where  | | e 0| |  i s  t h e  c o n s t a n t  norm o f  
e a c h  e & e E^.  D e f in e  0 f rom i n t o  Hg by  0 ( x )  =
y  ( x »«a) v i i * o i i 2 * s i n ° e y  i^ m i m p i 2 ^ -  we havea i a
t h a t  0 ( x )  e Hg. A l s o ,  0 ( c x  + dy) =
^  ( c x  + dy»ea )-ia / | | e 0| | 2 = c 6 ( x )  + d 0 ( y )  f o r  c and  d
Si
com plex  numbers and x , y  e H, . N o t i c e  t h a t  ( x y , e  ) =X Si
( * [ 2 b (7 . ^ ) V I | . J | 8 3 , . a ) = ( ^ t ( y . e b ) x e b / | | e 0 | |2 , e a ) =
= C y ,ea ) C x , e a ) / | | e 0| | 2 f o r  x , y  e ^  
and  e a  e E1 . T h e r e f o r e  0 ( x y )  = V  (x y * e a ) f  / | | e 0| | 2 =
Si
Z a ( x >ea ) y lle ol|2 ( y » 9 a V | | e 0 l12 f a and 9 ( x ) 0 ( y)  =
( Z a(x’Sa>'k/Ileol|2)( 2 b(y’^  VI Ml2) -
X a I ! b ( x ’ e a ) / lle ol|2 ( y ’ eb ) / lle o l |2 f a f b  =
V  ( x »e a ) / | | e 0| | 2 ^y»e s)/ | |e ol|2 f a  and hence 0 Cxy) = 0 ( x ) 0 ( y ) .1 SI
I f  z e Hg, t h e n  z = ( z , f a ) f a/ | | f 0 | | 2 and  i f  we z ' = 
^  ( z , f a ) e a / | | f 0 | | 2 , t b e n  z '  e H-p 0 ( z ' )  =
2  ( z - f a ) V l M 2 = z ’ ^  0 i s  o n t o .  F o r  x  e  H^, x* =
y  <x * • e a ) e BL/ l l e J | 2  = y  ^ e a * x ) e a / l l e J | 2  a n d  h e n o e  f—i a  £—i a
0 (X*) .  y  Cea , x ) f a/ | | e 0| |2 = y  [ ( x , e a ) f a] * / | | e 0|
ci a.
CE  <x - ea ) V l l e ol|2:1* “ C 8 (* ) ]* .  A l s o ,  | | x | |2 =
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£  J ( x ,e a)/||e0|| |2 and ||e(x)||2 = | | £ a<*.ea) V l l eol|2||2 ’
^ jl|fo ll(x -ea>/|leol|2 |2 - Hf ol|2/ |leol|2c 2 a l (X,ea)/||e°l||2] ’
IHI2l k J Henoe ll0(x)ll ■ IMHhlhwiand the
mapping i s  t o p o l o g i c a l .  I t  t h e n  f o l l o w s  t h a t  0 i s  a 
t o p o l o g i c a l  *- a l g e b r a  i s o m o rp h is m  from H-^  o n to  Hg. 
C o n v e r s e ly  su p p o se  t h a t  we h a v e  a  m app ing ,  0 ,  f rom ^
Onto Hg w i t h  t h e  above p r o p e r t i e s .  We w i l l  now show t h a t  
t h e  r e s t r i c t i o n  o f  0 i s  a  o n e - t o - o n e  c o r r e s p o n d e n c e  
b e tw e e n  E^ and  Eg. We w i l l  f i r s t  show t h a t  9 ( e a )} e Eg 
f o r  e & e E^.  S i n c e  e & i s  a  s e l f - a d j o i n t  i d e m p o t e n t ,  i t  
i s  c l e a r  t h a t  0 ( e Q) i s  a  s e l f - a d j o i n t  i d e m p o t e n t .a
Suppose  now t h a t  0 ( e Q) » x  + y ,  where  x x  = x ,  yy  -  y  and
cl
xy = 0 .  S in c e  0 i s  a n  i s o m o rp h i s m ,  O” 3, i s  a l s o  an
iso m o rp h ism  and  t h u s  e_ = 0 “ ^ ( x )  + © "^(y)  where81
e"1(x)e_1(x) = 6"1(x ), S ^ C y je '^ - C y )  » 8 _ 1 ( y )  and  
0 ( x ) 9 ” ^ ( y )  * 0 .  T h e r e f o r e ,  s i n c e  e Q i s  i r r e d u c i b l e ,
cl
we have t h a t  0 ' 1 (x )  = 0 o r  Q ^ C y )  -  0 and  t h u s  x  ■ 0 o r  
y  = 0 .  Hence 0 ( e o) i s  an  i r r e d u c i b l e  s e l f - a d j o i n t
cl
i d e m p o t e n t .  S i n c e  9 ( s a ) i s  i r r e d u c i b l e  and  Eg i s  a b a s i s  
f o r  Hg, i t  f o l l o w s  t h a t  6 ( e a ) i s  some member o f  Eg, c a l l  
i f  f  . Hence t h e  r e s t r i c t i o n  o f  0 i s  a  o n e - t o - o n e
cl
mapping o f  E^ i n t o  Eg. A p p ly in g  a  d u a l  a rgum ent  t o  t h e  
iso m o rp h ism  0- ^ ,  we c a n  c o n c l u d e  t h a t  i t s  r e s t r i c t i o n  
i s  a  o n e - t o - o n e  m apping o f  Eg i n t o  B-^  and  com bin ing  t h e s e  
two f a c t s ,  we g e t  t h a t  t h e  r e s t r i c t i o n  o f  0 i s  a  o n e - t o -  
one c o r r e s p o n d e n c e  b e tw e e n  E.  ^ and  Eg.
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C o r o l l a r y  2 . 1 1 . 1 .  l e t  and Hg be  com m uta t ive  
H * - a l g e b r a s .  Then i s  i s o m e t r i c  *- a l g e b r a  i s o m o r p h i c  
t o  Hg i f  a n d  o n l y  i f  t h e  c a r d i n a l i t y  o f  i s  t h e  same 
a s  t h e  c a r d i n a l i t y  o f  Eg and  t h e  i r r e d u c i b l e  s e l f - a d j o i n t  
i d e m p o t e n t s  o f  H^ an d  Hg have  t h e  same norm.
P r o o f .  J u s t  a s  i n  Theorem 2 . 1 1 ,  d e f i n e  0 by  0 ( x )  = 
( x , e a ) f a / | | e 0| | ^ ,  f o r  x  e H^. Then 0 h as  a l l  o f  t h e
p r o p e r t i e s  o f  t h e  mapping i n  Theorem 2 . 1 1 .  The a d d i t i o n a l  
a s s u m p t io n  on t h e  norms o f  t h e  i r r e d u c i b l e  s e l f - a d j o i n t
I M H K M M  = llx ll an<* ® i s  an  i s o m e t r y .  The
c o n v e r s e  i s  t h e  same a s  Theorem 2 .1 1  and th e  i s o m e t r y  
o f  t h e  mapping y i e l d s  t h a t  t h e  i r r e d u c i b l e  s e l f - a d j o i n t  
i d e m p o t e n t s  o f  H^ and  Hg have  t h e  same norm.
Theorem 2 . 1 2 .  L e t  H b e  a com m uta t ive  H * - a l g e b r a .
Then t h e r e  e x i s t s  a com pact  a b e l i a n  t o p o l o g i c a l  g ro u p  G 
an d  a  m apping 0 f rom  H o n to  L (G) w h ich  i s  a t o p o l o g i c a l  
*- a l g e b r a  i s o m o rp h i s m .  F u r t h e r ,  f o r  t h e  same g ro u p  G, 
t h e r e  i s  a m apping  0 '  f rom H o n to  L (G) which  i s  a  l i n e a r  
i s o m o rp h is m ,  an  i s o m e t r y ,  an d  p r e s e r v e s  i n v o l u t i o n .
P r o o f .  L e t  E^ d e n o te  E w i t h  t h e  d i s c r e t e  t o p o l o g y  
and  any  a b e l i a n  g ro u p  s t r u c t u r e .  Note  t h a t  i t  i s  a lw ays  
p o s s i b l e  t o  i n t r o d u c e  on E an  o p e r a t i o n  which  makes E i n t o  
an  a b e l i a n  g ro u p  b y  im b e d d in g  E i n  t h e  d i r e c t  sum (weak 
d i r e c t  p r o d u c t )  o f  t h e  i n t e g e r s  modulo two, where  t h e  
i n d e x  s e t  r a n g e s  o v e r  E. L e t  G = E^, t h e  g roup  o f  
c o n t i n u o u s  c h a r a c t e r s  on E^.  Then G i s  a compact a b e l i a n
i d e m p o t e n t s ,  nam ely  11©o || = | | f 0 | | « g i v e s  us t h a t
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t o p o l o g i c a l  g ro u p  w i t h  G = E ^ ,  [ 1 2 ; 1 3 4 ] .  F u r th e r m o r e ,
p
L (G) i s  a  co m m u ta t iv e  H * - a l g e b r a  w i t h  r e g u l a r  maximal 
i d e a l  s p a c e  ft. T h e re  i s  a  o n e - t o - o n e  c o r r e s p o n d e n c e  
b e tw e e n  ft and E w h ich  a r e  t h e  r e s p e c t i v e  s e t s  o f
p
i r r e d u c i b l e  s e l f - a d j o i n t  i d e m p o t e n t s  f o r  L (G) and H. 
T h e r e f o r e ,  by  Theorem 2 . 1 1 ,  we have a  mapping 0 f rom H 
o n to  L (G) w i t h  t h e  d e s i r e d  p r o p e r t i e s .  I f  we d e f i n e  0 '  
f rom  H i n t o  L2 (G) b y  0 ' (x )  = V* ( x »e a ) f a / | | e 0||» where f a
d e n o t e s  t h e  c h a r a c t e r  o f  G c o r r e s p o n d i n g  t o  e Q, t h e n  0 'S.
w i l l  have  t h e  l i n e a r  and i n v o l u t i o n  p r o p e r t i e s  o f  0 .
A l s o ,  s i n c e  | | f j | 2 = 1 .  we have  | | e ' ( x ) | | 2 = || | | e o| | 0 ( x ) | | 2 =
i h J H I ^ I I a  *  ( H e 0 I H I f o l i 2 / | lie o l P l l x l l  =  I N I  > a n d  h e n c e  0 1
i s  an  i s o m e t r y .  S i n c e  0 ’ i s  t r i v i a l l y  o n t o ,  we have t h e
l i n e a r  i so m o rp h is m  w h ich  i s  an  i s o m e t r y  and  p r e s e r v e s
2
i n v o l u t i o n  f rom  H o n to  L (G ) .
Theorem 2 . 1 5 .  L e t  G an d  H be com pact  a b e l i a n
2t o p o l o g i c a l  g r o u p s .  Then L (G) i s  i s o m e t r i c  and *- a l g e b r a
i s o m o r p h ic  t o  L (H) i f  and o n l y  i f  t h e r e  i s  a o n e - t o - o n e
c o r r e s p o n d e n c e  b e tw e e n  & and  ft, t h e  r e s p e c t i v e  d u a l
g ro u p s  o f  G and  H,
P r o o f .  S i n c e  ft and  ft a r e  t h e  r e g u l a r  maximal i d e a l  
2 2
s p a c e s  o f  L (G) and  L ( H ) , r e s p e c t i v e l y ,  a  o n e - t o - o n e
c o r r e s p o n d e n c e  b e tw e e n  them y i e l d s ,  v i a  Theorem 2 . 1 1 ,
a m app ing ,  0 ,  w hich  i s  a  *- a l g e b r a  i so m o rp h ism  o n to .
A l s o ,  s i n c e  t h e  i r r e d u c i b l e  s e l f - a d j o i n t  i d e m p o te n t s  i n  
2 2
ea c h  o f  L (G) and  L (H) have  norm o n e ,  we s e e ,  by 
C o r o l l a r y  2 . 1 1 . 1 ,  t h a t  0 i s  a c t u a l l y  an  i s o m e t r y .  The
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c o n v e r s e  f o l lo w s  d i r e c t l y  fro m  Theorem 2 .1 1 ,  w hich  
c o n c lu d e s  t h e  p r o o f  o f  t h e  th e o re m .
We in c l u d e  one more a p p l i c a t i o n  o f  Theorem 2 .8  i n  
o r d e r  t o  o b t a i n  a  c h a r a c t e r i z a t i o n  o f  t h e  bounded  com plex­
v a l u e d  f u n c t i o n s  on a  s e t .
Theorem 2 .1 4 .  L e t  A b e  a  co m m u ta tiv e  B * - a lg e b r a  
w i th  u n i t .  Then a n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  
t h a t  t h e r e  e x i s t  a s e t  X su c h  t h a t  A ' ' i s ' 1 th e  s e t  o f  
b o unded  c o m p le x -v a lu e d  f u n c t i o n s  on X i s  t h a t  t h e r e  e x i s t  
a  com pact a b e l i a n  t o p o l o g i c a l  g ro u p  G su c h  t h a t  A * ' i s ' '  
t h e  a l g e b r a  o f  c e n t r a l i z e r s  on L (G ) ,  w here ' ' i s 11 means 
i s o m e t r i c  *- a l g e b r a  i s o m o r p h ic .
P r o o f .  F i r s t ,  assum e t h a t  t h e r e  i s  a  s e t  X su c h  
A i s  t h e  s e t  o f  a l l  b o u n d ed  c o m p le x -v a lu e d  f u n c t i o n s  on 
X. T hen , d e n o te  by  X^, t h e  s e t  X w i th  t h e  d i s c r e t e  
to p o lo g y  and  any  a b e l i a n  g ro u p  s t r u c t u r e .  I f  we l e t  
G = th e n  G i s  a  com pact a b e l i a n  t o p o l o g i c a l  g ro u p  
w i th  d u a l  g roup  X^. By Theorem 2 . 8 ,  t h e  a l g e b r a  o f
O
c e n t r a l i z e r s  o f  L (G) i s  p r e c i s e l y  t h e  s e t  o f  a l l  bounded  
c o n t in u o u s  c o m p le x -v a lu e d  f u n c t i o n s  on & = X^ w hich  i s  
t h e  same a s  th e  s e t  o f  a l l  bounded  c o m p le x -v a lu e d  
f u n c t i o n s  on X. C o n v e rs e ly ,  su p p o se  t h a t  t h e r e  e x i s t s  
a com pact a b e l i a n  t o p o l o g i c a l  g ro u p  G su c h  t h a t  A i s  
t h e  a l g e b r a  o f  c e n t r a l i z e r s  on L (G ) .  By Theorem 2 . 8 ,  
we h av e  t h a t  ^ ( L ^ ( G ) )  i s  CCGr) and  h en c e  A i s  t h e  s e t  o f  
a l l  bounded  c o m p le x -v a lu e d  f u n c t i o n s  on t h e  s e t  tr.
CHAPTER I I I
T h is  c h a p t e r  w i l l  h e  d e v o te d  t o  _a s tu d y  o f  t h e  
c e n t r a l i z e r s  o f  t h e  B anach  a l g e b r a s  L ^ (G ) ,  f o r  1 i. p < 00, 
w here G i s  a com pact a b e l i a n  t o p o l o g i c a l  g ro u p .  F o r  p 
d i s t i n c t  from tw o , th e  a l g e b r a s  o f  m u l t i p l i e r s  ( s e e  
D e f i n i t i o n  1 .5 )  a r e  somewhat e a s i e r  t o  work w i th  t h a t  
t h e  c o r r e s p o n d in g  a l g e b r a s  o f  c e n t r a l i z e r s .  The a l t e r n a t e  
p r o o f  o f  Theorem 2 .8  shows t h a t  M (L^(G))= C(&) an d  i t  
i s  shown i n  [7] t h a t  M (L^(G)) = M(G) = { p . :  j j .  e M(G)}, 
w here jX  i s  t h e  F o u r i e r - S t i e l t j e s  t r a n s f o r m  o f  t h e  
c o m p le x -v a lu e d ,  r e g u l a r  B o r e l  m easu re  yU.
We w i l l  u s e ,  w i th o u t  p r o o f ,  t h e  f a c t  t h a t  t h e  
r e g u l a r  m axim al i d e a l  s p a c e  o f  LP (G ) ,  f o r  1 £  p < °°, i s  
(hom eom orphic t o )  £ ,  t h e  g ro u p  o f  c o n t in u o u s  c h a r a c t e r s  
on G w henever G i s  a  com pact a b e l i a n  t o p o l o g i c a l  g ro u p .
The r e a s o n  we make th e  r e s t r i c t i o n  p < 00 i s  t h a t  L°°(G) 
d oes  n o t  have t h i s  p r o p e r t y .
I t  s h o u ld  be n o te d  t h a t  t h e  Wang m apping from  ^o(X) 
o n to  M(X) h as  t h e  form  0 (A ) ( t f  ) = A ^ f( # )  , f o r  s  § , 
when a p p l i e d  t o  X = L ^ (G ). S in c e  th e  Wang m apping  w i l l ,  
i n  g e n e r a l ,  depend  on p ,  we w i l l  d e n o te  i t  h e r e  b y  0 ^ . 
S in c e  L-^(G) i s  a  c o n v o l u t io n  i d e a l  i n  M(G), e a c h  L j x  , f o r  
yU e M(G), i s  an  e le m e n t  o f  ^ ( L - ^ ( G ) ) .  A lso  
S p d y j . )  e M(Lp (G ))  and  6p (Iyu ) ( t f )  = £ p g  ( V )  =
C ) = JU (  ^ ) .  H en ce , we have  t h a t  yUe M(L-^(G)) f o r
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1 ( p  .( *  an d  j J .  e M(G). We m ig h t  a l s o  n o t e  t h a t  0p. i s ,  
i n  a  v e r y  r e a l  s e n s e ,  an  e x t e n s i o n  o f  t h e  F o u r i e r - S t i e l t j e s  
t r a n s f o r m ,  s i n c e  0^  a p p l i e d  to  h ^  i s  j X . S in c e  M(LP (G )) 
i s  a  s u b s e t  o f  th e  b o u n d ed , c o n t in u o u s ,  c o m p le x -v a lu e d  
f u n c t i o n s  on t h e  r e g u l a r  maximal i d e a l  s p a c e  o f  LP (G ) ,  we 
now have  th e  f o l lo w in g  c h a in  o f  c o n ta in m e n ts :
M(G) = M CL^G)) C  M(Lp (G ))  C  M(L2 (G ))  = C (£ )  f o r  e v e ry  
p s u c h  t h a t  1 <. p < 00.
The m ain  p u rp o s e  o f  t h i s  s e c t i o n  w i l l  b e  t o  show 
t h a t  M(LP (G ))  i s  p r o p e r l y  b e tw een  t h e s e  e x t r e m i t i e s  f o r  
a  l a r g e  c l a s s  o f  com pact a b e l i a n  t o p o l o g i c a l  g ro u p s  G.
Our r e s u l t  w i l l  r e q u i r e  some r a t h e r  deep  th e o re m s  from  
s u m m a b i l i ty  t h e o r y  ( e . g . ,  s e e  [ 1 7 ] )  and  t h e  g e n e r a l  t h e o r y  
o f  F o u r i e r  s e r i e s  on g ro u p s .
The f o l l o w in g  th e o re m  c o l l e c t s  t o g e t h e r  t h e  g e n e r a l  
o p e r a t o r  t h e o r e t i c  p r o p e r t i e s  o f  )S (L P ( G ) ) .
Theorem 3 .1 .  L e t  G be a com pact a b e l i a n  t o p o l o g i c a l  
g ro u p .  T hen , f o r  1 i. P ( 00 > ^ (L ^ C G ))  i s  a  co m m u ta tiv e
Banach  * - a l g e b r a  w i th  u n i t .  ^ ( L P (G ))  i s  a l s o  a
r e d u c e d  a l g e b r a  i n  t h e  s e n s e  t h a t  i f  A e ) o ( L p (G ))  and 
i f  F(A*A) = 0 f o r  e v e ry  p o s i t i v e  f u n c t i o n a l  F ,  t h e n  A = 0 .
P r o o f .  By Theorem 1 .1 ,  ^ ( L P (G ))  i s  a  com m u ta tiv e  
Banach  s u b a lg e b r a  o f  B(LP (G )) and c o n t a i n s  t h e  i d e n t i t y  
o p e r a t o r  a s  i t s  u n i t .  F o r  f  e LP (G ) ,  we d e f i n e  i n v o l u t i o n  
b y  f * ( x )  = f ( - x ) . Then 1 * * 1 ' i s  a m apping from  LP (G) 
i n t o  LP(G) w i th  t h e  f o l lo w in g  p r o p e r t i e s :
a ) • ( f - g ) *  = f**g* = g**f*
b ) . f**  = f ,  ( a f  + bg)* = af*  + bg*
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f o r  a l l  f , g  e LP(G) and  a and b com plex  n u m b ers .  S in c e  
( f * g ) * ( x )  = ( f • g ) ( - x )  » j *  f ( - x - y ) g ( y ) d y  =
/ f ( - x  + y ) g ( - y ) d y  = / f * ( x  -  y ) g * ( y ) d y  = ( f * « g * ) ( x ) ,
p r o p e r t y  a )  i s  s a t i s f i e d .  P r o p e r t y  b )  i s  c l e a r l y  
s a t i s f i e d  and  f*(& ) = f f * ( x )  ( x )d x  = / * =  x j y i x j d x  = 
/ f ( x ) t f ( - x ) d x  = y f ( x )  t f (x )d x  = £( & ) shows t h a t  p r o p e r t y
c)  i s  s a t i s f i e d .  -Now d e f i n e  ' , * ' '  on )o (L p (G ))  b y  A*f = 
(A f* )* .  We w i l l  now show t h a t  , , * , ,  i s  an  i n v o l u t i o n  f o r  
)S(LP ( G ) ) .  The m apping A* c l e a r l y  maps LP(G) i n t o  LP (G) 
a n d ,  f o r  f , g  e LP (G ) ,  f . ( A * g )  = f* * -(A g * )*  = [ f * • (A g*)]*  = 
C (A f*)«g*]*  = (A f* )* * g  = (A * f)* g  i m p l i e s  t h a t  
A* e ) g ( L p ( G ) ) .  A ls o ,  f o r  A,B e ^ ( L P ( G ) ) ,  a  a n d b c o m p le x  
num bers and  f  e LP (G ) ,  we have  (aA + b B ) * ( f )  =
[(aA  + b B ) ( f * ) ] *  = [a A f* + bB f*]*  = a (A f* )* .+  b (B f* )*  = 
(aA* + bB *)(f) , A**f = (A * f*)* = [ (A f* * )* ]*  = .A f and 
(A B )*f = [ (A B )f*]* = [A (B f* )]*  = [A (B * f)* ]*  = A *(B *f) = 
(A *B *)f . Hence , , * , ,  i s  an  i n v o l u t i o n  f o r  )^ (L P (G ))  w h ich  
a l s o  s a t i s f i e s  | | a | | 0 = | |A* ||0 s i n c e  | | a * | |0 = 
su p{ ||A *f | |p  : | | f | lp  < 1} = s u p { | |(A f* )* | |p  : | | f | | p  < 1} = 
s u p l l .A f j l p  : | | f * | |p  < 1} = | | a | | 0 . Now l e t  A e g ( L p (G )) 
be s u c h  t h a t  A /  0 .  S in c e  th e  l i n e a r  sp a n  o f  i s  d en se  
i n  LP (G) , [14-;24] , an d  A i s  a  bounded  o p e r a t o r ,  we have  
t h a t  t h e r e  i s  )f0 e S su ch  t h a t  A Y q t  0 .  D e f in e  F on 
^ ( L P (G ))  i n t o  t h e  com plex num bers by  F(B ) = B $ q ( f rQ) .
The c o r r e s p o n d e n c e  F i s  o b v io u s ly  a bounded  l i n e a r  
f u n c t i o n a l  and  F(B*B) = B ^ B ^ C  =
B * s n - B g n ( y n ) * y n ) B y n ( y n > -
® ^ 0 ( * 0 )f iT 0 ( tf < , > Vo 5! 2 ^  ° - 80 t h a t  F 18 a
p o s i t i v e  f u n c t i o n a l .  F u r th e rm o re ,  s i n c e  =
A ( 8 0 - y 0 ) = ( A X 0 ) - U 0 = A ) f0 U 0 ) t f 0 and  A ^ 0 /  0 ,  we
hav e  t h a t  | J*Q) |  ^  > 0 and  th u s  F(A*A) ^  0 .  Hence
56(l P ( g) )  i s  a  r e d u c e d  a l g e b r a ,  c o n c lu d in g  t h e  th e o re m .
We w i l l  n e e d  t h e  f o l lo w in g  lemma a s  a  c o m p u ta t io n a l
d e v i c e  i n  some o f  th e  th e o re m s w hich  f o l lo w .
Lemma 3 . 2 . 1 .  Suppose  t h a t  G i s  a com pact a b e l i a n
t o p o l o g i c a l  g ro u p  and 1 <. p < °°. I f  A e )o (L p ( G ) ) ,  t h e n
A (f  ) = (A f)  f o r  e a c h  f  e LP (G) and y e G, w here b y  g v u y
we mean t h e  f u n c t i o n  g (x )  = g (x  -  y ) .
y
P r o o f .  S in c e  L ^  e ) £ ( L P(G ))  f o r  e a c h  yU. e M(G) and  
) g ( l P ( 8 ) )  i s  a com m uta tive  a l g e b r a ,  we have t h a t  Lyu.A = 
AL^x . I n  p a r t i c u l a r ,  we have L A  = AL^, w here y  i s  t h e
« 4 • v\
p o i n t  m easu re  c o n c e n t r a t e d  a t  y e G. A ls o ,  i f  g e LP (G ) ,
t h e n  (L g ) ( x )  = ( y * g ) ( x )  = J g ( x  -  t ) d y ( t )  = g ( x  -  y )  =
g ( x ) . C om bining t h e s e  r e s u l t s ,  we s e e  t h a t  A ( f  ) = 
j  y
(AL ) f  = (L A )f  = (A f)  and  th e  lemma i s  p ro v e d .«7 J J• m
The f o l l o w i n g  th e o re m  ( b e s i d e s  b e in g  o f  in d e p e n d e n t  
i n t e r e s t )  i s  h e l p f u l  i n  d e a l i n g  w i th  th e  m u l t i p l i e r  
a l g e b r a s  o f  LP (G ) ,  f o r  1 < p < °°.
Theorem 3 . 2 .  L e t  G b e  a  com pact a b e l i a n  t o p o l o g i c a l
g r o u p ,  w i th  p and q two num bers s a t i s f y i n g  1 < p < °°,
1 < q < « ,  and 1 /p  + 1 /q  = 1 . Then M(LP (G )) = M(Lq ( G ) ) .
P r o o f .  F o r  ‘f  a  f i x e d  e le m e n t  o f  M(LP ( G ) ) ,  by  
Theorem 1 . 2 ,  t h e r e  i s  an  o p e r a t o r  A i n  )l^(Lp (G ))  s u c h
t h a t  Ati = f t i  f o r  a l l  h e LP (G ). S in c e  A i s  a b o unded
l i n e a r  o p e r a t o r  on LP (G ) ,  i t  d e f i n e s  an  a d j o i n t  o p e r a t o r  
A' on t h e  a d j o i n t  s p a c e  o f  LP (G),- by  th e  fo rm u la
( A 'g ) ( k )  = J.A k (x ) g (x )d x ,  f o r  ea c h  g e Lq(G) and k e LP(G) 
We w i l l  now show t h a t  A' e J £ ( L ^ ( G ) ) .  I f  g , h  e L^(G) 
and  k  e LP (G ) ,  th e n  [ A ' ( g * h ) ] ( k )  = jA k (x )g « h (x ,)d x  = 
y * A k (x )[ J * g ( x  -  y ) h ( y ) d y ] d x  = J  j A k ( x ) g ( x  -  y )h ( y ) d y d x .
On t h e  o t h e r  h a n d ,  C(ft.'g) * h ] (k )  = J * k ( x )  C(.A'g) • b.J ( .x jdx  = 
/ k ( x ) [ / A ' g ( x  -  y ) h ( y ) d y ] d x  = J  hQ y)[ f  k (x )A 'g C x  -  y jd x ld y  
f  hCy) [ f  k ( x  + y ) A 'g ( x ) d x ] d y  = /  h (y )  C J  k_y (x)A* g ( x ) d x ] d y  = 
f  h ( y ) [ ( A 'g ) ( k _ y ) ] d y  = f w F )  C f  (Ak_y ) (x )g C x )d x ]d y  = 
f  ^ ( y )  [ J*(A k)_y ( x ) g ^ x ) d x ] d y  = j f  h ( y ) [  J A k ( x  + y )g (x .)d x ]d y  = 
f f  h ( y ) A k ( x ) g ( x  -  y )d x d y .  Hence t h e  a c t i o n  o f  . ( A ' g ) - h  
a n d  A ' ( g * h )  i s  t h e  same on LP (G) and  th u s  t h e y  m u st be  
t h e  same a s  e le m e n ts  o f  L ^ (G ) .  T h e r e f o r e  A’ e ^ ( L ^ C G ) )  
a n d ,  b y  a p p l y i n g  Theorem 1 .2  a g a i n ,  we g e t  a  f u n c t i o n  
f '  e M(L^-(G)) s u c h  t h a t  A^g = f 1^  f o r  e a c h  g  e L ^ (G ) .
A ls o ,  f* e M (L^(G)) i m p l i e s  t h a t  f 7 e M(L^(G)) an d  we 
w i l l  show t h a t  f  and  f 7 a r e  th e  same f u n c t i o n .  F o r  
e H , we have t h a t  "6 e LP (G) /"'V L^(G) and s i n c e  iUi = 
f f i  f o r  e a c h  h e LP (G) , we have  = f  ^  and  A ^ ( ) =
f  ( ft ) . S i m i l a r l y , .  a T J  ( f r  ) = f k ( , I S  )  f o r  ea c h  e tj. 
F u r th e r m o r e ,  a H T ( = ^ A '  %  (x )  y ( x ) d x  =
/ ^ ( x ) I T ( x ) d x  = ( A , y ) ( g ' )  = / a ( x ) Y ’( x )d x  =
A*? ( ) . T h e r e f o r e  f  ( ) = A ) t  ( ) = A ^T ( ) = f 1 ( 'Q )  ,
f  = F \  f  e M(Lq ( G ) ) ,  and  M(LP (G )) C  M(Lq( G ) ) .  A d u a l  
a rg u m e n t g iv e s  t h e  o t h e r  c o n ta in m e n t  and hence  M(LP (G )) = 
M(Lq ( G ) ) .
46
C o r o l l a r y  3 . 2 . 1 .  L e t  G b e  a com pact a b e l i a n  
t o p o l o g i c a l  g ro u p ,  w i th  p and  q two numbers s a t i s f y i n g  
1 < p < °°, 1 < q < «>, an d  1 /p  + 1 /q  = 1 . Then ) ^ ( L P (G ))  
i s  i s o m e t r i c  *- a l g e b r a  i s o m o rp h ic  t o  ) £ ( L ^ ( G ) ) .
P r o o f .  I n  t h e  p r o o f  o f  Theorem 3 . 2 ,  we had  t h a t  i f  
A e ) o (L p (G ))  and  i f  A* i s  th e  a d j o i n t  o p e r a t o r  d e f in e d  
by  A, th e n  Aft ( ) = f i T l f  ( ) and h en ce  A If ( If ) = A*"*^ ( 7 5  )  •
I f  we c o n s i d e r  t h e  Wang m a p p in g s , 0^  and  0 ^ ,  we s e e  t h a t  
e p (A )( tf  ) = A j ' c y  ) = A ^ y )  = 0 q(A* *) ( '& ') .  T h e r e f o r e  
t h e  m apping w h ich  s e n d s  A ' i n t o  ©“ ^ p C A ) = A '* i s  an 
a l g e b r a  iso m o rp h ism  from  ) f (L p (G )) o n to  ^ ( L ^ ( G ) ) .  A ls o ,  
9 p ( A -  A ^ T O D  = A7 * ^ # )  = v Y ( y )  = 8 q ( A ' ) ( X ) ,  
and  hen ce  0 -^ 0  (A*) = A' = [0 ” ^0 ( A ) ] * .  F u r th e r m o r e ,
«* Jtr Si sr
| |a '*| o = J|a ' | | 0 = | | a | [ ,  w h ich  g iv e s  u s  t h e  i s o m e t r y .  Hence 
i s  an  i s o m e t r y  * - a l g e b r a  iso m o rp h ism  from  ) f ( L p (G )) 
o n to  ^ ( L ^ ( G ) )  and  t h e  p r o o f  i s  c o m p le te .
. The n e x t  th e o re m  w i l l  e s s e n t i a l l y  f o l lo w  S e c t i o n  2 .7 * 3  
o f  [ 1 4 ; 5 4 ] .  We a r e  a b l e  t o  o b t a i n  th e  a n a lo g o u s  r e s u l t s  
f o r  LP (G) r e l a t i v e l y  e a s y  i n  v iew  o f  th e  co m p ac tn ess  o f  
G. T h is  th e o re m  w i l l  e n a b le  u s  to  e x te n d  some r e s u l t s  
f o r  t h e  c i r c l e  g ro u p  t o  a c o n s i d e r a b l y  l a r g e r  c l a s s  o f  
com pact a b e l i a n  t o p o l o g i c a l  g ro u p s .  We w i l l  u s e  th e  
n o t a t i o n  H"*" t o  d e n o te  t h e  a n n i h i l a t o r  o f  t h e  c l o s e d  
su b g ro u p  H o f  G; i . e . ,  H“*" = { e (j : t f(x)  = 1 f o r  a l l  x e H } .
Theorem 3 . 3 .  L e t  G be  a  com pact a b e l i a n  t o p o l o g i c a l  
g ro u p  and H a  c l o s e d  su b g ro u p  o f  G and 1 <_ p < °°. Then 
th e  f u n c t i o n s  b e lo n g in g  t o  I r ( G /H )  a r e  p r e c i s e l y  t h e  
r e s t r i c t i o n s  t o  H-*- o f  t h e  f u n c t i o n s  b e lo n g in g  to  L ^(0r) .
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P r o o f .  D enote  b y  m^,, m^, and  t h e  H aa r  m e a su re s
o f  G, H, and G/H r e s p e c t i v e l y ,  a l l  n o r m a l i z e d  t o  have 
t o t a l  v a r i a t i o n  o n e .  L e t  N d e n o te  t h e  n a t u r a l  map from  
G on to  G/H w here  N (x) = x  + H. F o r  f  e L ^ (G ) ,  t h e  
i n t e g r a l  / f ( x  + y)dmw(y )  i s  n o t  ch an g ed  i f  we r e p l a c eJH , a
x  by  x  + h ,  w here  h  e H. Hence we can  r e g a r d  t h e
c o r re s p o n d e n c e  x  + H— *• I f ( x  + y)dmTj(y) a s  a f u n c t i o n
H . a
on G/H. I t  f o l l o w s  from  th e  F u b in i  T h eo rem , [ 6 ; 1 4 8 ] ,  
t h a t  t h i s  f u n c t i o n  i s  an  e le m e n t  o f  L^(G/H) whose norm 
i s  l e s s  t h a n  o r  e q u a l  | f  I . F u r t h e r ,  i f  f  e C(G) ,  th e n
ST
i t  i s  i n  C(G/H) and  i f  we l e t  L ( f )  =
J *  [ J *  f ( x  + y)dm jj(y)]dm gyjj( ^ ) ,  w here £ i s  t h e  c o s e t  
o f  H c o n t a i n i n g  x ,  t h e n  L i s  a  p o s i t i v e  t r a n s l a t i o n  . 
i n v a r i a n t  l i n e a r  f u n c t i o n a l  on C(G) i n  t h e  s e n s e  t h a t  
L ( f  ) = L ( f )  f o r  e a c h  x  e G. The u n iq u e n e s s  o f  H aar 
m easure  t h e n  g i v e s  us t h a t  J*  f (x )d m ^ (x )  =..
/ g/ h  ^ / Hf ^x  + f o r  ^11 f  6
i
L e t  F( ^ ) = J* f ( x  + y )dm g(y) f o r  e a c h  f  e L^(G) and
d e f in e  T on L^(G) b y  T f = F . From o u r  rem ark s  ab o v e ,
T i s  a b ounded  l i n e a r  t r a n s f o r m a t i o n  from  L^(G) i n t o  
L^(G /H ). L e t  F e C(G/H) and  d e f i n e  f  on G by  f ( x )  = 
F ( N ( x ) ) .  S in c e  F and  N a r e  c o n t in u o u s ,  f  i s  a  c o n t in u o u s  
f u n c t i o n  on G. F u r th e r m o r e ,  | | f | | p  =. f  | f  ( x ) | ^dm^Cx) =
XT J  Q
J J f (N(x ) )  | p dmG( x )  =
* 4 / /  / h IP ( N ( x  +  y ) ) | P dm H ( y ) ] d m G / H (  f  )  =
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h/E / J P(N(x))|Pd^ (7)]dmG/H(5 > = / G^ lF(N(x)MPamG/H(?>
= Jj^Up, an d  Tf = F .  S o ,  f o r  F e L ^ (G /H ) , t h e r e  i s  a
se q u e n c e  {F }°* c o n t a i n e d  i n  C(G/H) su c h  t h a t  
n  n = l
F -  F||_— *-0 . F u r t h e r ,  F e .C (G /H ) im p l i e s  t h a t  t h e r e
AA AA
e x i s t s  f _  e C(G ) su c h  t h a t  Tf = F and  I f  _ I = | |f  I I .n  n  n  l n  ip 11 nl Ip
S in c e  | |f  -  f | | -—> 0 ,  {Fn }°° i s  a  p -C auchy  se q u en ce  and
n  P n = l
r % oohence  {f j i s  a l s o  a p -C auchy  s e q u e n c e .  T h e r e f o r e ,  
n  n = l
t h e r e  e x i s t s  f  e L^(G) su c h  t h a t  | f n  -  f11——> 0 .  S in c e  T
i s  b o u n d ed , Tf — T f ;j—>0 and  Tf = F  im p l i e s  t h a t  T f = F .7 n  i ip n  n
Hence th e  m apping T i s  o n to  L ^(G /H ). S in c e  T i s  t h e  
r e s t r i c t i o n  o f  t h e  m apping m o f  S e c t i o n  2 . 7 . 2  o f  [14 ;533  
t o  L^(G) im bedded  i n  M(G) , we s e e  t h a t  F( 'tf ) = ^ ) , f o r
K e  H'*’ . The th e o re m  now f o l l o w s .
Theorem 3 . 4 .  I f  G i s  t h e  c i r c l e  g ro u p ,  th e n  th e  
u n io n  o f  a l l  th e  s e t s  M(L^(G) ) ,  f o r  p / 2 ,  1 (  p < » ,  i s
O
p r o p e r l y  c o n t a i n e d  i n  M(L ( G ) ) .
* P r o o f .  I n  v ie w  o f  Theorem 3 . 2 ,  i t  i s  s u f f i c i e n t  t o  
c o n s i d e r  v a l u e s  o f  p s a t i s f y i n g  1 _< p < 2 .  F u r th e r m o r e ,  
s i n c e  M(L^(G)) CT M(IjP ( G ) ) ,  f o r  1 _( p < °°, i t  i s  s u f f i c i e n t  
t o  c o n s i d e r  1 < .p  < 2 . D e f in e  f  on G by  f ( x )  =
y  ( 2 /  V ^ jc o s  n x ,  f o r  0 <. x  _£ 2m, w h e re v e r  t h i s  s e r i e s
Jn = l
c o n v e rg e s .  S in c e  2 / )  2 /  y n  + 1 ) —» 0 ,  we h a v e ,  by
 (oo
( 2 .6 )  o f  [ 1 7 ; 4 ] , t h a t  )  ( 2 / V S ’) c o s  nx  c o n v e rg e s
Jn = l
u n i f o r m ly  on any  i n t e r v a l  0 < e x  _( 2u -  £ ,  f o r  ea c h  
e > 0 .  I f  1 < p < 2 ,  t h e n  a  d i r e c t  c o m p u ta t io n  y i e l d s
1 co s  nx  =
' s m  nx  +
s m  nx =
oo
- i n x  =
t h a t  2 -  p /2  > l  an d  Sp = V  ( l /V 3 T ) Pnp “ 2 =
Jn = l
Y  ( l / n P//2) ( l / n 2 " p ) = Y  l / n 2 " p / 2 . S in c e  2 -  p / 2  > 1
^-J n = l  n = l
Sp i s  a  c o n v e rg e n t  s e r i e s .  T h e r e f o r e ,  by  Lemma 6 . 6
   oo
[ 1 8 ;1 2 9 ] ,  Y  - ( l / V n ) c o s  nx  i s  an  LP (G) f u n c t i o n  f o r  
^ n = l
1 < p < 2 .  I n  a s i m i l a r  m an n er , we g e t  t h a t
 ,  oo '
Y  ( l / \ / n ) s i n  n x  i s  a n  LP (G) f u n c t i o n  f o r  1 < p {  2 ,
11=1
and we can  w r i t e  f ( x )  = }  ( 2 / V n ) <
z l j n = l
 ,00___________________________________ __| oo
Y  ( 1 /  V H )cos nx  + i  Y  ( l / V n ) ;
^-J n = l  ’n = l
_ _ Q O  OO
Y  ( l / V n ) c o s  n x  -  i  Y  ( l / v H tO i
/—J n = l  'n = l
QO   
Y  ( 1 /  \ / n ) e i n x  + Y  ( l / v n ) e '
ZLjn = l  ^  n = l
i I00 • _ _ _ _
y  ( l / > / j n [ ) e  w here t h e  te rm  f o r  n  = 0 i s  o m i t te d .
* _00
Now, l e t  a Q = b n  = 0 f o r  a l l  n  _> 0 and  l e t  a n  = l / x / n ”
f o r  n > 0 .  Then, f o r  t h e  s e q u e n c e s  {a }°° and  {b }°°
n  n=0 n  n=0
00
2 Y"1 2 2d e f in e  ab o v e , t h e  s e r i e s  a  / 4  + )  a  + b =
n = 1  n  n
Z l / n  i s  d iv e r g e n t .  T h e r e f o r e ,  b y  a r e s u l t  o fn = l
Zygmund. [1 7 ;2 1 5 3 ,  a lm o s t  a l l  o f  t h e  s e r i e s  + a Q/ 2  +
> + (a,, co s  nx  + b s i n  nx) = > + ( l / \ / n ) c o s  nx
■ n= l. n  n  1 n = l  ~
f a i l  t o  b e  F o u r i e r  s e r i e s .  To be  p r e c i s e ,  i f  we l e t
0n ( t )  = s i g n  C s in (2 n+17i:t)] , f o r  0 < t  ( 1 ,  t  /  p / 2 q ,
t h e n  t h e r e  i s  a  s e t  E c o n t a i n e d  i n  [ 0 ,1 ]  w i th  L ebesgue
m easure  one s u c h  t h a t  i f  t  e E , th e n
)  ( 0 _ ( t ) / V n ) c o s  n x  i s  n o t  a  F o u r i e r  s e r i e s .  A s e r i e s
Z-Jn = l  n
I a„ c o s  nx  + b  s i n  n x ,  i s  s a i d  t o  be  a  F o u r i e r  i n  nn = l
s e r i e s  i f  t h e r e  i s  an  i n t e g r a b l e  f u n c t i o n  w i th  F o u r i e r
c o e f f i c i e n t s  {a V” and  {b }°° . We m ig h t  n o te  t h a t
n  n = l  n  n = l
t h e  f u n c t i o n s  0n  a r e  t h e  w e ll-k n o w n  R adem acher f u n c t i o n s ,  
[ 1 7 ; 6 ] .  Choose any  su c h  t  e E , and  d e f i n e  g from  §  ( i n  
t h i s  c a s e ,  t h e  i n t e g e r s )  i n t o  t h e  com plex  num bers b y  g (n )  =
0 n ( t )  f o r  n  > 0
We w i l l  show g i s  n o t  an  e le m e n t
0  f o r  n X 0 *■ *
o f  M(LP (G )) f o r  any  p su c h  t h a t  1 < p < 2 .  N o t ic e  t h a t
p
g e M(L (G) )  s i n c e  i t  h a s  v a l u e s  o n ly  1 and  -1  and  h en c e
i s  a bounded  ( c o n t in u o u s )  f u n c t i o n  on & w h ich  i m p l i e s  t h a t
g e M(L (G) )  ( s e e  Theorem 2 . 8 ) .  Now su p p o se  t h e r e  i s  a
p s u c h  t h a t  1 < p < 2 and  g e M(LP ( G ) ) .  Then, by
d e f i n i t i o n ,  and s i n c e  f ( x )  =
OO *
}  (2 /\Z iT )co s  n x  i s  a  member o f  LP (G ) ,  we m ust have 
z -*n= l
t h a t  g f '  e L^(G }. T h a t i s ,  t h e r e  e x i s t s  h e LP (G) w i th
th e  p r o p e r t y  t h a t  g ( n ) £ ( n )  = ft(n )  f o r  a l l  n  e 'G. Hence
A .(0r, ( t ) / v l T  f o r  n  > o l
h (n )  = < n  > . S in c e  h  e LP (G ) ,  i t  h a s
lo f o r  n  <. OJ
_ OO
a F o u r i e r  s e r i e s  g iv e n  b y  ^  £ ( n ) e i n x  o r
Zj  wOO
(0  ( t ) / \ / n ) e ^ n x . A ls o ,  t h e  r e a l  p a r t  o f  h  i s  i n
n = l
LP (G) and  h a s  a F o u r i e r  s e r i e s  g iv e n  by
/  (0  ( t ) /V T 5 ) c o s  n x . H ow ever, we have  n o te d  e a r l i e r
^  n = l  11
t h a t  )  ( 0 _ ( t ) / V 5 ) c o s  nx  i s  n o t  a  F o u r i e r  s e r i e s .
^ n s l
T hus, we have  a r r i v e d  a t  a  c o n t r a d i c t i o n  an d  we ca n
c o n c lu d e  t h a t  g t  M(LP( G ) ) ,  f o r  1 < p < 2 .  I n  v ie w  o f
o u r  re m a rk s  a t  t h e  f i r s t  o f  t h e  p r o o f ,  we now h ave  t h a t
g  i s  n o t  an  e le m e n t  o f  M(LP (G )) f o r  a l l  p d i s t i n c t  from
tw o. T h e r e f o r e ,  we have t h a t  t h e  u n io n  o f  a l l  t h e  s e t s
M(LP ( G ) ) ,  f o r  1 L  P ( 00» P t  2 ,  i s  p r o p e r l y  c o n t a in e d  i n  
2M(L ( G ) ) ,  c o n c lu d in g  th e  th e o re m .
Theorem 3*5 w i l l  com bine t h e  r e s u l t s  o f  Theorem 3 .3  
and  Theorem 3.4- i n  o r d e r  t o  o b t a i n  t h e  same c o n c lu s io n  
a s  Theorem 3 . A- f o r  any com pact a b e l i a n  t o p o l o g i c a l  g ro u p  
w h ich  h a s  an  e le m e n t  o f  i n f i n i t e  o r d e r  i n  i t s  d u a l  g ro u p .
Theorem 3 .5 .  L e t  G be  a  com pact a b e l i a n  t o p o l o g i c a l  
g ro u p  su c h  t h a t  ^  h as  an e le m e n t  o f  i n f i n i t e  o r d e r .  Then 
t h e  u n io n  o f  a l l  t h e  s e t s  M(LP ( G ) ) ,  f o r  p /  2 ,  1 ^  p < « ,
p
i s  p r o p e r l y  c o n t a in e d  i n  M(L ( G ) ) .
P r o o f .  Suppose t h a t  y  i s  a n  e le m e n t  o f  G w i th  
i n f i n i t e  o r d e r .  L e t  P  b e  t h e  su b g ro u p  o f  G g e n e r a t e d  
b y  y Q. N ote t h a t  P  i s  t o p o l o g i c a l l y  is o m o rp h ic  t o  t h e  
i n t e g e r s  and hence  t h e r e  e x i s t s  H, a c l o s e d  su b g ro u p  o f  
G, su c h  t h a t  G/H i s  t o p o l o g i c a l l y  i s o m o rp h ic  t o  T, th e  
c i r c l e  g ro u p ,  and  H-1" = P ,  [14-;35]* By Theorem 3.4-, 
t h e r e  i s  g '  e C(H^" ) su c h  t h a t  g '  i s  n o t  an  e le m e n t  o f  
M(LP (G /H )) f o r  any. p s a t i s f y i n g  1 < p < 2 . D e f in e  g on
✓s ^  ) f o r  tf e H*^l
G i n t o  t h e  com plex num bers by  gCo) = < i f .
v |0 f  o r  tf /  H J
We w i l l  show t h a t  g f a i l s  t o  be  i n  M(LP ( G ) ) ,  f o r  1 < p < 2 .
In  order to  do t h i s ,  suppose there i s  a p fo r  which  
1 < p < 2 and g e M(LP(G )); thus gf?(G5 CT L^(G). For 
th is  p , g' i s  not in  M(LP(G/H)) which im p lie s  th a t there  
i s  a fu n ctio n  f  e LP(G/H) such th at g ' f *  tf L^Cg7h7 #
S in c e  f '  e LP (G /H ), P *  e f^CG/H) and  Theorem 3 -3  g i v e s  u s  
a  f u n c t i o n  f  e LP (G) s u c h  t h a t  f* r e s t r i c t e d  t o  H“*" a g r e e s  
w i t h  f 7 . S in c e  gk^(G) CZ and  f  e LP ( G ) , we have
t h a t  g £  e By a g a in  a p p ly in g  Theorem 3*3» we con­
c lu d e  t h a t  t h e  r e s t r i c t i o n  o f  t o  H"*" i s  a  member o f  
L ^ G / H ) . H ow ever, f o r  tf  e H-1" , g (  tf ) f  ( tf ) = g '  ( tf ( # ) 
and  th u s  t h e  r e s t r i c t i o n  o f  gf* t o  H*^is g'Sf* w h ich  i s  n o t  
i n  L ^ (G /H ). T h e r e f o r e ,  we have  a c o n t r a d i c t i o n  an d  can  
c o n c lu d e  t h a t  g tf M(LP (G )) f o r  any  p s a t i s f y i n g  1 < p < 2 .  
A g a in ,  b y  a p p ly in g  Theorem 3 . 2  and  n o t i c i n g  t h a t  M(L1 (G )) 
i s  a  s u b s e t  o f  M(LP ( G ) ) ,  we have t h a t  g tf M(LP (G ))  f o r  
any  p d i s t i n c t  from  tw o. Thus th e  u n io n  o f  a l l  t h e  s e t s  
M(LP ( G ) ) ,  f o r  p tf 2 ,  1 ^  p ( « ,  i s  p r o p e r l y  c o n t a i n e d  i n
p
M(L ( G ) ) .  T h is  c o m p le te s  th e  p r o o f  o f  th e  th e o re m .
The f o l lo w in g  i s  a  d i s c u s s i o n  o f  t h e  m a t e r i a l  fo u n d  
i n  S e c t i o n  8 .7 * 1  o f  [ 1 4 ;2 1 6 ] .  Suppose t h a t  u i s  a 
t r i g o n o m e t r i c  p o ly n o m ia l  on a  com pact c o n n e c te d  a b e l i a n  
t o p o l o g i c a l  g ro u p  G. Then u (x )  = > 0 V t f  ( x ) , w here
^  t f e £  V
Cy i s  f i n i t e l y  n o n - z e r o .  The a n a l y t i c  c o n t r a c t i o n  o f  u
i s ,  b y  d e f i n i t i o n ,  t h e  f u n c t i o n  F (x )  = S '  tf*(x)
» tf eE
w here  E = { t f  s : t f  >. N ote t h a t  s i n c e  G i s  c o n n e c te d
i t  i s  p o s s i b l e  t o  o r d e r  ?j , and  ' ' ' r e f e r s  t o  any su c h
f i x e d  o r d e r  on S . F o r  u a  t r i g o n o m e t r i c  p o ly n o m ia l ,
c o n s i d e r  t h e  m ap p in g , d e n o te d  b y  0 ,  w h ich  maps u i n t o  i t s  
a n a l y t i c  c o n t r a c t i o n  F .  We w i l l  n e e d  t h e  f o l l o w i n g  th e o re m  
c o n c e r n in g  th e  m apping  0 .
Theorem  3 . 6 .  [1 4 ;2 1 7 3  L e t  G b e  a  com pact c o n n e c te d
a b e l i a n  t o p o l o g i c a l  g ro u p  and  p a  num ber su c h  t h a t
1 < p < °®. Then t h e r e  e x i s t s  a  c o n s t a n t  k  s u c h  t h a t
P
I M I p  i  APIMlp h o ld s  f o r  e v e ry  t r i g o n o m e t r i c  p o ly n o m ia l  
u on G, h en c e  0  c a n  be  e x te n d e d  to  a  bounded  l i n e a r  
o p e r a t o r  on LP (G ) ,  w h ich  we s h a l l  d e n o te  by  0  .
Xr
We a r e  now p r e p a r e d  t o  i n v e s t i g a t e  t h e  p r o p e r n e s s  
c o n d i t i o n  f o r  M(L^(G)) a t  t h e  o t h e r  e x t r e m i t y .  T h a t  i s ,  
we w i l l  show t h a t  M (L^(G)) i s  p r o p e r l y  c o n t a i n e d  i n  
M (L^(G)) f o r  1 < p < 00 and  a  l a r g e  c l a s s  o f  g ro u p s  G.
Theorem 5 . 7 .  L e t  G be  a  com pact a b e l i a n  t o p o l o g i c a l  
g ro u p  s u c h  t h a t  *Gr h a s  an  e le m e n t  o f  i n f i n i t e  o r d e r .  Then 
M (L^(G)) i s  p r o p e r l y  c o n t a i n e d  i n  t h e  i n t e r s e c t i o n  o f  a l l  
t h e  s e t s  M(LP ( G ) ) ,  f o r  1 < p < °°.
P r o o f .  S uppose  t h a t  ^  i s  an  e le m e n t  o f  *G w hich  
h a s  i n f i n i t e  o r d e r .  J u s t  a s  i n  Theorem 3«5* we w il l , ,  l e t  
I""1 d e n o te  t h e  su b g ro u p  o f  & g e n e r a t e d  by  Y 0 an<* ao ^ e  
t h a t  P i s  t o p o l o g i c a l l y  is o m o rp h ic  t o  t h e  i n t e g e r s .  As 
i n  t h e  p r o o f  o f  Theorem 3-5» t h e r e  e x i s t s  H-, a  c l o s e d  s u b ­
g ro u p  o f  G, su c h  t h a t  G/H i s  t o p o l o g i c a l l y  i s o m o rp h ic  t o  
T , t h e  c i r c l e  g ro u p ,  and  H-^ - = P .  S in c e  G/H i s  
t o p o l o g i c a l l y  i s o m o rp h ic  to  T, G/H i s  a  com pact c o n n e c te d  
a b e l i a n  t o p o l o g i c a l  g ro u p  w hich  s a t i s f i e s  t h e  h y p o t h e s i s  
o f  Theorem 3 . 6 .  : H ence , 0 i s  a  m apping from  th e  
t r i g o n o m e t r i c  p o ly n o m ia ls  o f  G/H i n t o  t h e  t r i g o n o m e t r i c
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p o ly n o m ia ls  o f  G/H an d  i t s  e x t e n s io n *  0  , i s  a  bounded
l i n e a r  o p e r a t o r  from  LP (G/H) i n t o  LP (G /H ). We w i l l  f i r s t
show t h a t  0 h a s  t h e  c e n t r a l i z e r  p r o p e r t y  on t h e
t r i g o n o m e t r i c  p o ly n o m i a l s .  I f  f  a n d  g a r e  t r i g o n o m e t r i c
p o ly n o m ia l s ,  t h e n  f ( x )  = y  Oy Y ( x )  and  g (x )  =
tfeB
/  d y  Y ( x ) , w here B and  D a r e  f i n i t e  s u b s e t s  o f  
^  YeD 0
G/H. F u r t h e r ,  i f  B = { Y  e G/H : Y  ). 0} , th e n  f* g  =
Y  Cy dy Y  and 0Cf*g) = y  y  •
^ T f e B A D  1 * ^-j'jfeBADAE °
A ls o ,  0 f  = y  c x Y  and  th u s  ( 0 f ) « g  =
X SB AB •
y  C y d v Y  • T h e r e f o r e  0 ( f * g )  = ( 0 f ) » g  f o r  f
Y e B n B O D  * *
and  g t r i g o n o m e t r i c  p o ly n o m ia l s .  We w i l l  now show t h a t
0p e j g ( L p (G /H )) f o r  1 < p  < * .  I f  f , g  e LP (G /H ), th e n
t h e r e  e x i s t  s e q u e n c e s  {f_}°° and  {g„}°° o f  t r i g o n o m e t r i c
n  n = l  n  n = l
p o ly n o m ia ls  s u c h  t h a t  Hf n  -  f l l p - *  0 and  I k  -  s l i p — o .  
T hus, | | 0 p ( f - g )  -  (0 p f ) - s | | p i  | |0 p ( f - B )  -  0 p ( f n -6n ) | | p  +
ll(0 p V Sn  '  ( 0 p V ' Sllp + ll(0 p f n ) - g  "  ( 0 p f ) ' SHp 1
Ap | | f g  -  f n -gn ||p  + l|0p f n | |p | |en  -  e | |p  * Ap | |g | |p | | f n  -  f | |p  
w hich  c o n v e rg e s  t o  z e ro  w i th  n .  Hence 0 ( f « g )  = ( 0  f ) . g
J r  JSr
and 0 e ) g ( L p (G /H ))  f o r  1 < p  < “ . I f  we l e t  g d e n o te
f  . Jr
t h e  m u l t i p l i e r  c o r r e s p o n d in g  t o  0 ^ ,  th e n  we have  t h a t  
gp U )  = 0 p ^ (  if)  = f s C S )  w h ich  i s  in d e p e n d e n t  o f  p . 
Hence g( X ) = ( tf ) i s  a f u n c t i o n  w h ich  i s  i n  M(LP (G /H ))
f o r  e v e ry  p s a t i s f y i n g  1 < p < °°. N ote  a l s o ,  g ( Y )  =
1 i f  ^  ^  q some n  _> 0
 ^ and  th u s  i s  th e
0 o th e r w is e
j f  . We w i l l  f i r s t  show t h a t
f u n c t i o n  h  c o n s t r u c t e d  i n  Theorem 2 .1 0 ,  I n  t h e  p r o o f  o f
Theorem 2 .1 0 ,  we showed t h a t  g  t  M(G/H). We t h u s  have
t h a t  g i s  an  e le m e n t  o f  a l l  t h e  s e t s  M(LP (G /H )) f o r
1 < p  < •  and t h a t  g t  1 I ( l H g / H ) ) .  We w i l l  now u se
Theorem 3*3 t o  o b t a i n  t h e  same r e s u l t  f o r  t h e  g ro u p  G.
D e f in e  g from  f t  i n t o  t h e  com plex  num bers b y  g ( Y ) =
'  g( tf ) f  o r  Y e  H1]
| 0  f o r  t f / H J
g /  M CL^G)) : i f  g e M O /^ G ))  = M(G) , t h e n ,  by  2 . 7 . 2
o f  [1 4 ;5 3 ]»  g r e s t r i c t e d  t o  H^~ i s  a  f u n c t i o n  i n  M(g7h) .
H ow ever, g r e s t r i c t e d  t o  i s  p r e c i s e l y  g w h ich  we
known i s  n o t  i n  M(G/H). Hence g £ MCL^CG)). We w i l l
now show t h a t  g e M(LP (G ))  f o r  1 < p < °°. I f  f  e LP(G ) ,
- a „  ( g ( t f ) f ( t f )  f o r  i f e H 1'
t h e n  ( g f ) (  $ )  = < ,  i r  • S in c e
[  0  f o r  tf t  H -
f  e Lp (G ) ,  we h a v e ,  by  Theorem 3 .3  > t h a t  £ r e s t r i c t e d
t o  H^“ i s  an e le m e n t  o f  L^CG/H), T hus , t h e r e  e x i s t s
h e LP (G/H) s u c h  t h a t ,  f o r  t f e  H^ " , ft('tf ) = f ( Y  ) .  S in c e
ft e LP(G/H) and  g e M(LP ( G /H ) ) ,  gfi e L^(G/H) and  hence
t h e r e  e x i s t s  k e LP(G/H) s u c h  t h a t  gfi = S . Now, f o r
x  e G, d e f i n e  k (x )  = k ( N ( x ) ) ,  w here N i s  t h e  n a t u r a l  map
from  G o n to  G/H. S in c e  k e LP (G/H) i m p l i e s  t h a t
k  e LP(G ) ,  k i s  t h e  p r e - im a g e  o f  k c o n s t r u c t e d  i n  Theorem
— O  X3 . 3«  Thus Tk = k and  we h ave  t h a t  k  r e s t r i c t e d  t o  H i s
ft. H ence , f o r  t f  e K 1-  , £ (  t f ) = f t ( t f ) = g ( tf  )fi( tf ) =
gCtf ) f ( t f ) and th u s  E a g r e e s  w i th  g ft on H-1- . Now, f o r
tf  &  » E ( t f )  = J * k ( x )  t f  ( x ) d x  = f  k ( x  + h) t f  (x )  t f ( h ) d x
f o r  a l l  h  e H. From t h e  d e f i n i t i o n  o f  k  we have  t h a t
k (x  + h) = k(N(x+h)) = k (N (x)) = E (x ). Thus k (^  ) =
TTET / E ( x ) lT 5 ) d x  .  W  S ) fo r  each h e H. Since  
J  i  IT*" , there i s  a t  le a s t  one h e H fo r  which TfU iT  /
A
1 and  th u s  th e  o n ly  way t h a t  t h e  e q u a l i t y  1E( 0 ) = 
r&(.h) E ( y  ) ca n  h o ld  i s  t h a t  k (  ft ) = 0 .  Hence k  a g r e e s  
w i th  g£  o u t s i d e  and  we now h av e  £  = g £ .o n  S in c e  
k  e LP (G ) ,  we c o n c lu d e  t h a t  g f 1 e L^CG) and  h en ce
g e M(L^(G)) f o r  1 < p < °°. Thus g i s  i n  t h e  i n t e r s e c t i o n
o f  a l l  t h e  s e t s  M(LP (G )) f o r  1 < p < «* and g t  M(L1( G ) ) ,
w hich  c o n c lu d e s  t h e  th e o re m .
CHAPTER IV *
I n  t h i s  c h a p t e r ,  we l i s t  some u n s o lv e d  p ro b le m s  an d  
c o n j e c t u r e s  w hich  have a r i s e n  i n  c o n n e c t i o n  w i t h  t h i s  w ork .
(1 )  I s  t h e r e  a  c h a r a c t e r i z a t i o n  o f  ^ ( H )  i f  H i s  a  
n o n -c o m m u ta tiv e  H * -a lg e b r a ?  I t  a p p e a r s  p o s s i b l e  to . 
r e p r e s e n t  t h e  o p e r a t o r s  i n  j^ (H )  a s  i n f i n i t e  m a t r i c e s  
w h ich  a r e  com posed o f  f i n i t e  s q u a re  m a t r i c e s  a lo n g  th e  
d i a g o n a l  and  z e r o e s  i n  t h e  o t h e r  e n t r i e s .
(2 )  I t  i s  c o n j e c t u r e d  t h a t  t h e  a l g e b r a  o f  
c e n t r a l i z e r s  o f  an  H * -a lg e b r a  i s  ( * - a l g e b r a  i s o m o rp h ic  
i s o m e t r i c  w i th )  t h e  a l g e b r a  o f  c e n t r a l i z e r s  o f  t h e  c e n t e r  
o f  H.
(3 )  A lth o u g h  th e  m ethods o f  p r o o f  u s e d  i n  th e  l a t t e r  
p a r t  o f  C h a p te r  I I I  do n o t  seem t o  l e n d  th e m s e lv e s  t o  
g ro u p s  w here e a c h  c h a r a c t e r  h as  f i n i t e  o r d e r ,  i t  a p p e a r s  
l i k e l y  t h a t  t h e s e  r e s u l t s  w i l l  go th r o u g h  i n  an  a r b i t r a r y  
i n f i n i t e  com pact a b e l i a n  t o p o l o g i c a l  g ro u p .
(4-) I t  i s  c o n j e c t u r e d  t h a t  f o r  1 ( p  { s  ( 2 ,  th e  
m u l t i p l i e r  a l g e b r a  o f  LP (G) (G a  com pact a b e l i a n  
t o p o l o g i c a l  g ro u p )  i s  c o n t a in e d  i n  t h e  m u l t i p l i e r  a l g e b r a  
o f  LS (G) , w i th  p r o p e r  c o n ta in m e n t  i f  and  o n ly  i f  p < s .
Remark. I t  h as  q u i t e  r e c e n t l y  b e e n  b r o u g h t  t o  o u r  
a t t e n t i o n  t h a t  F ig a -T a la m a n c a  i n  [4-] h a s  a n sw e re d  t h e  
f i r s t  p a r t  o f  (4-) i n  th e  a f f i r m a t i v e .
(5 )  I n  C h a p te r  I I I ,  we made t h e  r e s t r i c t i o n  p  < 00 
i n  d i s c u s s i n g  a l g e b r a s  o f  m u l t i p l i e r s .  T h is  f a c t  r a i s e s  
a  v e r y  i n t e r e s t i n g  p ro b le m , nam ely  t h a t  o f  c h a r a c t e r i z i n g  
t h e  m u l t i p l i e r s  o f  L°°(G).
(6 )  I n  C h a p te r  I I ,  we showed t h a t  t h e  supremum norm 
c l o s u r e  o f  M (L^(G)) = M(G) was p r o p e r l y  c o n t a i n e d  i n
p
C (d) = M( L. (G) )  f o r  a  l a r g e  c l a s s  o f  g r o u p s .  Does 
M(LP (G ))  have  th e  same p r o p e r t y  f o r  p > 1? I t  seem s 
l i k e l y .
(7 )  I n  t h e  same l i n e  o f  t h o u g h t ,  i s  t h e  supremum 
norm c l o s u r e  o f  M(LP (G )) p r o p e r l y  c o n t a i n e d  i n  M(LS (G )) 
w henever  l i p  (  s  {  2?
(8 )  When i s  M(LP (G )) supremum norm c l o s e d  i n  C (§ )?  
I t  may w e l l  b e  t h a t  t h i s  h ap p e n s  o n ly  when p = 2 .
(9 )  When i s  ^ ( L P (G )) a B * - a lg e b r a ?  I t  a p p e a r s  
t h a t  t h i s  i s  t r u e  o n ly  when p = 2 .
(1 0 )  I s  t h e r e  a  c o r r e s p o n d in g  t h e o r y  f o r  ^ £ (L P (G )) 
o r  M(LP (G ))  f o r  G a  com pact t o p o l o g i c a l  g ro u p  
(n o n -c o m m u ta t iv e ) ?
(1 1 )  I f  G i s  a  l o c a l l y  com pact a b e l i a n  t o p o l o g i c a l  
g ro u p ,  t h e n  ^ ^ ( G )  = L1 ( G ) 0  LP (G) w i t h | | * | |  =
I Mil + I Hip -^s  a  com m uta tive  Banach a l g e b r a .  I s  t h e r e  a 
n a t u r a l  g e n e r a l i z a t i o n  o f  t h e  c e n t r a l i z e r  t h e o r y  t o  t h i s  
c l a s s  o f  B anach  a l g e b r a s ?
(1 2 )  I f  G i s  a  com pact c o n n e c te d  a b e l i a n  t o p o l o g i c a l  
g ro u p ,  i s  t h e r e  a  c o r r e s p o n d in g  t h e o r y  f o r  t h e  c e n t r a l i z e r s  
o f  Hp (G) w here HP (G) =
{f e  LP (G) s f  ( Y ) = 0  f o r  X  ( 0» G}? F o r  e x a m p le ,
we c a n  show t h a t  i f  1 < p < 1 < q < 00 and  1 /p  + 1 / q  =
1 ,  t h e n  M(HP (G ) ) = M(Hq( G ) ) .
(1 3 )  I s  t h e r e  a  c h a r a c t e r i z a t i o n  o f  t h e  maatiLmal 
i d e a l  s p a c e  o f  M(LP(G ))?  I n  t h e  c a s e  p = 2 ,  i t  i s  e a s i l y  
s e e n  t o  b e  t h e  S to n e -S e c h  c o m p a c t i f i c a t i o n  o f  I n  th e *  
c a s e  p = 1 ,  i t  i s  a v e ry  d i f f i c u l t  p ro b lem  a s  M(LP (G ))  =
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